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Abstract
In this paper, we introduce a class of Lie superalgebras g, defined
with generators and relations. We show that non-isotropic roots of
our Lie superalgebra g form a non-reduced elliptic root system R of
rank > 2 in the sense of K. Saito [13]. We also show that g is universal
among Lie superalgebras associated with R.
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Introduction

In 1985, K. Saito [13] introduced the notion of n-extended affine root sys-
tems. If n = 0 (respectively, n = 1), it is an irreducible finite root system
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(respectively, an affine root system). In [13], he also intensively studied 2-
extended affine root systems, which are now called elliptic root systems (see
[14]). Since then, various attempts have been made to construct Lie algebras
whose non-isotropic roots form those root systems. Among them are toroidal
Lie algebras [12] and extended affine Lie algebras [1]. See [15, Introduction]
for the history.

In 2000, K. Saito and D. Yoshii [15] constructed Lie algebras by using
the Borcherds lattice vertex algebras, called them simply-laced elliptic Lie
algebras and showed that they are isomorphic to the ADE-type (2-variable)
toroidal Lie algebras of rank > 2. They also gave two other definitions for
their Lie algebras. One uses generators and relations. The other uses (affine-
type) Heisenberg Lie algebras; this was generalized by D. Yoshii [19] in order
to define Lie algebras associated with the reduced elliptic root systems, and
he called them elliptic Lie algebras. In 2004, the author [18] gave defining
relations of the elliptic Lie algebras of rank > 2 (see also Remark 1.2).

In this paper, we introduce a class of Lie superalgebras g defined with
generators and relations (see Definition 1.3). We also show that non-isotropic
roots of g form a non-reduced elliptic root system R of rank > 2 (see The-
orem 1.1 (1)) and there exists a natural super-symmetric invariant form on
g (see Theorem 1.1 (2)). Moreover, we show universality of g, which means
that there exists a natural epimorphism f : g — ¢’ if the non-isotropic roots
of a Lie superalgebra g’ form R (see Theorem 1.1 (3)).

We point out that our defining relations are closely related to defining
relations, called Drinfeld realization, of the quantum affine algebras due to
V.G. Drinfeld [5, Theorems 3 and 4].

The paper is organized as follows. In Section 1, we state our main theo-
rem, Theorem 1.1 (1)-(3), and explain strategy of the proof of it in Subsec-
tion 1.8. In Section 2, we mention some basic facts on the affine root systems.
In Section 3, especially in Theorem 3.1, we use maps k and g to give an ex-
pression (3.3) of the elliptic root systems of rank > 2 (see also (1.18)); the
expression is a key to this paper. In Section 4, at first, by Lemma 4.1, we
evaluate the dimension of the Cartan subalgebra § of g, and finally we prove
Theorem 1.1 (1). In Section 5, we prove Lemma 4.1; a strategy of the proof
of it is given in Subsection 5.1. In Section 6, we prove Theorem 1.1 (2). In
Section 7, we prove Theorem 1.1 (3). In Section 8, we give (self-contained)
proofs of some of the basic and well-known facts used in the previous sections;
especially we prove Theorem 2.1, which explains the existence of a base of
an affine root system using the one of an irreducible finite root system (cf.
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MacDonald [11]). In Section 9, we give a list of the Dynkin diagrams of the
(reduced and non-reduced) affine root systems, which are helpful in reading
this paper.

1 Main results (Theorem 1.1 (1)-(3)) and strat-
egy

1.1 Basic Notation

Let Zy ={zx € Zlx > 0} and Z_ = {x € Z|z < 0}. Then NU {0} =Z,.

Let X be a subring (with 1) of C and M a X-module. Let Y be a subset
of X. For m € M, set Ym := {ym|y € Y}. For a subset S of M with |S| > 2,
set YS := > s Ys. (|S] is the cardinal number of S.)

Throughout of this paper, for any F-linear space V with a symmetric
bilinear form (,) : Vx V — F, where F is R or C, we set V* := {v €
V|(v,v) = 0} and V* := V \ V% for each v € V*, we set vV := (023)) and
define s, € GL(V) by s,(w) = w — (v, w)v (w € V); for any non-empty
subset S of V*, we denote by Wy the subgroup of GL(V) generated by
{sy]v € S}, i.e.,

(1.1) Wg = (s,|v € S).

1.2 Extended affine root systems

Definition 1.1. Let [ € N and n € Z;. Let V be an (I + n)-dimensional
R-linear space. Recall V° and V* from Subsection 1.1. Assume that there
exists a positive semi-definite symmetric bilinear form (, ) : V' x V' — R such
that dim V? = n. Let R be a subset of V. Then R (or more precisely, (R, V))
is an (n-)extended affine root system if R satisfies the following axioms:

(AX1) RC VX,V = RR.

(AX2) rankZZR =n+[(=dimg V).

(AX3) (a¥,B) € Z for o, B € R.

(AX4) s ( )=Rforall « € R.

(AX5) If R= RiURy and (o, 3) =0 for & € Ry and 3 € Ry, then Ry =)
or Ry = 0.



(see [13, (1.2) Definition 1 and (1.3) Note 2 iii)].) For p € R, let

[0 if2uéR,

(see (1.3) below). Let W be the subgroup of GL(V') generated by {s.|a € R},
ie, W =Wk (see (1.1)).

Let R be an extended affine root system. It is well-known that for all
a € R,

RN Ra = {a7 _04}7 {Oz, 20, —av, —204} or {aa %a, —Q, —%Oé},
(13) (so —R = R).

We call R reduced (resp. non-reduced) if RN 2R = () (resp. RN2R # ().
We say that two extended affine root systems (R,V) and (R',V’) are
isomorphic if there exist an R-linear bijective map f : V — V' and ¢ € R
with ¢ > 0 such that f(R) = R and (f(v), f(w)) = ¢(v,w) for v, w € V.
By (AX2), there exists a basis {x1,...,x;,a1,...,a,} of ZR such that
{ay,...,a,} is a basis of VP NZR; so, for X = Z or R, we have

(1.4) XR = (é} Xu;) @(é Xa;) and VO NXR = éXaj.

j=1 j=1
In this paper, we always let
(1.5) TV —V/V

denote the canonical map.

Let R, [ and n be as in Definition 1.1. We call [ (resp. n) the rank (resp.
nullity) of R. If n = 0, then R is an irreducible finite root system (see [13,
(1.3) Example 1 1)]). If n = 1, then R is an affine root system (see [13, (1.3)
Example 1 ii)]). If n = 2, then R is an elliptic root system (see [13, (1.3)
Example 1 iii)], [14] and [15]).

Let R be an irreducible finite root system or an affine root system (i.e.,
n € {0,1}). Then a subset IT of R formed by (I + n)-linearly independent
elements is called a base if

(1.6) R=(RNZI)U(RNZ_II).
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(For n = 0, see [6, Theorem 10.1]. For n = 1, see Theorem 2.1 (1) (1-1) in
this paper (cf. MacDonald [11, (4.6)] (see also [13, (3.3) i)-iii)])). If Il is a
base of R, then, for X = Z or X, we have

(1.7) XR = P Xa.
a€ll
Let R be an affine root system (i.e., n = 1) with a base Il = {ag, a1 ..., };
in this paper, we always assume «aq to be such that {m(a;) ..., 7(ay)} is a

base of m(R) (see Theorem 2.1 (4)). Let §(II) € ZII be such that
(1.8) §(IT) € NIT and Z6(Il) = ZRNV?°

(see Theorem 2.1 (4)). Let 6 = ¢(IT). By (1.4) and (1.7), for X = Z or R, we
have

(1.9) XR=PXa=( P Xa)@PXéand X5 =XRNV".
a€ll acll\{ao}

Set

(1.10) A(IL) = (o, a))o<i -

Then A(II) is a generalized Cartan matrix of affine-type (see Theorem 2.1 (4)).
If IT is another base of R, then §(II) = §(II) or —d(II) and A(II) = A(II)
(after renumbering ag, ..., q;) (see Theorem 2.1 (3)-(4)).

1.3 Fundamental-set

Definition 1.2. (Fundamental-set 11 U {a}) Let (R,V’) be an elliptic root
system (i.e., n = 2) of rank [ > 2. A subset II U {a} of ZR is called a
fundamental-set of R if it satisfies the axioms (FS1)-(FS3) below; in this
paper, we always let

(1.11) 7,V — V/Ra
denote the canonical map.

(FS1) a € (ZRNV?)\ {0} and there exists b € ZR N V? such that {a,b}
is a basis of ZRN VY ie., ZRNV" = Za ® Zb.
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(FS2) [II| =141, IT C R and 7,(II) is a base of the affine root system
Ta(R).

(FS3) For each o € II, if there exists o/ € R such that 7,(a) = 7,(a)
and 2o/ € R, then 2a € R.

It is clear that a fundamental-set II U {a} exists.
Let R and I[TU{a} be as in Definition 1.2, where IT = {ap, a; ..., }; in
this paper, we always assume ag to be such that

(1.12) {m(a1) ..., m(y)} is a base of 7(R)

(see also the last paragraph in the previous subsection). Let 6(IT) € ZII be
such that

(1.13) §(IT) € NII and Z6(I1) = ZII N V°

(cf. Lemma 2.2 (2)). Then m,(6(I1)) = (7, (II)) (see (1.8) for §(m,(I1))).
Let § = 6(II) be of (1.13). By (1.9) and (1.6), for X = Z or R, we have

XR = @)\EHU{a} X\ = (@aen\{ao} Xa) P Xo P Xa,
(1.14) XRNV? =X) @ Xa,
R C (XiII&Xa)U (X_II & Xa),

where Xy = {z € X| £ 2 > 0}.
Set

(1.15) A(II) := A(m,(I1))
(see (1.10) for A(m,(I1))).

1.4 Maps k and ¢ and notations ¢(a), a* and A

In this subsection, we assume [ > 2. We let R be an elliptic root system of
rank [ and we let IIU {a} be a fundamental-set of R (see Definition 1.2). We
can define maps

(1.16) k-1 —{1,2,3,4} and g : 11 — {0,2Z + 1,Z, 27,47}
by

(117)  RN(Ra®Ra)= |J ((ca+Zk(a)a) U (20 + g(a)k(a)a))

ee{l,—1}



(o € TI) (see (3.2); see also (1.14)). (If g(a) = 0, then a + g(a)k(a)a = 0.)
Then we have an expression (1.18) of R below, which is a key to this paper:

(1.18) R=|J (I ((w(@) + Zk(a)a) U (w(20) + g(a)k(a)a)))

weWn a€cll

(see also (3.3) (and (1.14))), where Wy = (so|a € II) (see (1.1)). By (1.18),
R is determined by II, k£ and g. So

(1.19) we also denote R by R(II, k, g).

(Caution: We redefine the notation R(IL, k, g) in (3.15)).
Let (I1, k, g) be as above. Let o € TI. Let

2  ifgla)=Zor2Z+1,
(1.20) cla) = { 1 if z(a) =0, 27 or 4Z,
and set
(1.21) af =cla)a+ k(a)a (€ R (see (1.17))).

(In fact, {a, —a*} is a base of the rank-one affine root system RN (Ra @ Ra)
(see Remark 1.1 (1) and Lemma 4.3 (1)).) Recall p(+) from (1.2). By (1.17),
we have:

B [0 ifgla)=0o0r2Z+1,
(1.22) pla) =p(—a) = { 1 if g(a) =Z, 2Z or 4Z,
and
* * O f =Y, Z? 2Z 1 4Z’
(1.23) p(a”) = p(—a”) = { 1 if%; = gZ. o

We can define a subset A of IT x IT x {1,2,3} by

120)  A={(a.p. %ﬂa £ B,(c,) £ 0, (a,0) < (5, 8)}

(% € {1,2,3} follows from Theorem 3.1 (iii); see also Remark 1.1 (2)

below).



Remark 1.1. Let (IL, k, g) be as above. (Recall [ > 2.) Then we have:
(1) Let @ € II. Comparing (1.17) with (2.4), we see that RN(Ra®Ra) is a

rank-one affine root system with the base {o, —a*} (see also Lemma 4.3 (1)).
(2) Let (o, B,y) € A. Let

A:{ﬂ if y =cla) =1,

«Q otherwise.

Comparing (3.11) with (2.6), we see that RN (Ra® RB @ Ra) is a rank-two
affine root system. By (2.9), we see that there exists w € Wy, gy such that
{a, B,w(=X*")} is a base of RN (Ra®REDRa) (recall Wi, gy = (54, 55) (see
(1.1))) (see also Lemma 4.5 (1)).

1.5 A Lie superalgebra and a super-symmetric invari-
ant form

Let v = 0(0) @ v(1) be a Z/2Z-graded C-linear space; for j € Z, if i € {0,1}
is such that j — i € 27Z, then we also denote v(i) by v(j). If X € v(0) (resp.
X € v(1)), then we write

(1.25) p(X) =0 (resp. p(X) =1)

and we say that X is an even (resp. odd) element. If X € v(0) U v(1), then
we say that X is a homogeneous element and that p(X) is the parity of X. If
a subspace tv of v is such that o = (o N v(0)) & (v Nv(1)) (resp. w C v(0),
resp. o C (1)), then we say that w is a graded (resp. even, resp. odd)
subspace.

Let a = a(0) @ a(1) be a Z/2Z-graded C-linear space equipped with a
bilinear map [, ] : a x a — C such that [a(i),a(j)] C a(i + j) (i, j € Z); we
recall from the above paragraph that

(1.26) a(i) ={X € a|p(X) =i}

We say that a = (a,[, ]) is a (C-)Lie superalgebra if it satisfies that for all
homogeneous elements X, Y, Z of a,

{ [V, X] = — (1P X, v,
XY, 2)) = [[X, Y], 2] + (~ 10y, [, Z]

(the second equality is called the Jacobi identity). For X € a, we define
adX € Endc(a) by (adX)(Y) = [X,Y].
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We say that a bilinear form (, ) : axa — Cis a super-symmetric invariant
form on a if it satisfies that for all homogeneous elements X, Y, Z of a,

(Y, X) = (_1>p(X)p(Y)(X> V) and (X, [Y, Z]) = ([X,Y], 2).

1.6 Definition of the elliptic Lie superalgebras g(Il, &, g)
of rank [ > 2

Let R = R(I1, k, g) be an elliptic root system of rank [ > 2 (see (1.19)), where
II={ag,...,aq}. Let &€ = E(IL, k, g) be the (I+4)-dimensional C-linear space
with a basis {ag,...,aq,a,As; Ay}, We identify V' = RR(II, k, g) with the
R-linear subspace of £ spanned by «y, ..., q;, a. Let 6 = §(IT)(€ NII N V?)
be of (1.13). As for ag, we recall (1.12). Then {ay,...,qq, 0,a, As, Ay} is
also a basis of £ (cf. (1.14)), i.e.,

(1.27) £ =E&(IL k, g)

= (é Coi) P Ca @ CAs P CA,
= (@B Cu)PcidcaPcasPCa..

We extend (, ) on V to the non-degenerate symmetric bilinear form on &
by (67/\5) = (a’Aa) = 1, (A5)A5) - (AaaAa> - (AéaAa) =0, (Aau(s) =
(As,a) =0 and (As, ) = (A, ) =0 (e € IT\ {ap}). Set

(1.28) B, :={a,a"|la €1l} and B:=B,U(-B,).

For p, v € B with p # v and p+ v # 0, define z,, € N by

_ 1_(MV7V) if(Mvvlj)<07
(129) x“y - { 1 1f (ILL\/,I/) 2 0.

Definition 1.3. (Definition of g = g(I1, k, g)) Let R = R(IL, k, g) (see (1.19))
be an elliptic root system of rank [ > 2. Let g = g(IL, k,g) (= g(0) @ g(1)
(cf. (1.26))) be the C-Lie superalgebra defined by generators:

he (U € g), EM (,u S B)



with parities:

and defining relations:

(SR1)  zhy, 4+ yhs = hyoiyr if 2, y € Cand 0, 7 € £,

(SR2)  [ho,h ] =0ifo, T €E,

(SR3)  |he, E u = (o,n)E, if o € £ and p € B,

(SR4) [E, ]fhvifueBJr,

(SR5) (adE )wa =0ifu, v e B are such that p # v and pu+v # 0,
(SR6)  c(a )(adE N Eg = (adE,) Y Eg. if (a, 3, y) c A,

(SRT)  (— 1) e(a)(@dE o) = (adE_o)VE 4. if (a,6,y) €

A,
(SR8)  (adE,)'(adEe-)''Es =0if (a,8,y) € Aand 1 <i <y —1,
(SR9) (adFE_,)(adE_o-)"'E_5=0if (o, f,y) € Aand 1 <i<y—1

(see (1.20)-(1.29) for the notation).

Let h = h(Il, k, g) be the C-subspace of g formed by the elements h,
(0 € &) Foroef& let gp =4{X € g|[hr,X] = (0, )X\ € E)}, so
9o = (8, N g(0)) ® (9o N g(1)) (cf. (1.26)).

See (4.18) (resp. (4.19), resp. (7.5)) for a significance of (SR6,7) (resp.
(SR8,9), resp. (SR5)).

(Caution: We redefine the notation g(II, k, g) in (3.26)).

By (SR1), we can consider the number of the defining relations in (SR1-9)
to be finite.

1.7 Main theorem

Now we state our main theorem.

Theorem 1.1. Let (R,V) be an elliptic root system of rank | > 2. Let
ITu{a} be a fundamental-set of R (see Definition 1.2). Define maps k : II —
{1,2,3,4} and g : I — {0.2Z + 1,Z,27,2Z} by (1.17) (see also (3.2)) (so
R = R(IL,k,g) (see (1.19))). Assume that g(a) # O for some o € 1. Let
g =g(IL,k,g) and b = bh(IL, k, g) be of Definition 1.3. Let € = E(I1, k, g) be
of (1.27). Let § = 6(I1) be of (1.13). Then we have the following:
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(1) g has the properties (1.30)-(1.32) below:

(1.30) =D (@Ba)B( B o)

HER (m,r)eZ?\{(0,0)}
(1.31) dimb=1+4, ie, h, #0 foralloc € £\ {0}
(1.32) dimg, =1 forall p € R = R(IL, k, g)

Moreover, g, C g(p(p)) for p € R (see (1.2) for p(p) and see (1.26) for
g(p(1)))-

(2) There exists a super-symmetric invariant form (, ) : gx g — C having
the properties below:

(1.33) (he,hr) = (0,T) (o,7€€)

(1.34) ker(,)C P mosra

(m,r)€Z2\{(0,0)}

(3) Let g’ be a C-Lie superalgebra satisfying the following conditions.

(3-1) ¢’ includes b as a sub-Lie superalgebra (more precisely, b C ¢'(0)
(see (1.26) for the notation g'(0))).

(3-ii) @’ has the same properties as those in (1.30)-(1.32) with g in place
of g.

(3-iii) ¢’ has a super-symmetric invariant form having the same properties
as those in (1.33)-(1.34).

(3-iv) g’ is generated by by and g, with all p € R, where, for o € £, we
let g ={X € gl[lhr, X] = (o, )X (A€ &)}

Then there exists an epimorphism f : g — @ such that f(hy) = h, for
all o € € (this implies f(g,) =g, (0 € &)).

Proof of the theorem shall be given in Subsections 4.9, 6.2 and 7.2. For
the strategy of the proof, see Subsection 1.8.
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Remark 1.2. (1) A result similar to Theorem 1.1 for g such that g(a) = 0
for all a € II has been given in [18].

(2) By Theorem 3.1 and Lemma 3.1 (2), we shall see that R(II, k, g) is
reduced if and only if ¢g(IT) C {0,2Z + 1}. There exist two isomorphism
classes of the reduced elliptic root systems R(II, k, g) of rank [ > 2 which are
not isomorphic to R(IT', k', ¢') for any (II', k', ¢’) such that ¢'(IT) = {0} (see
[1] and [2]).

(3) If R = R(I1, k, g) is of Theorem 1.1 and [ > 3 (resp. [ = 2), then m(R)
is By (resp. Cy) and A(II) is the same as the one in (3.29). Hence, by (3.13),
we shall see 3 ¢ k(IT). We shall also see that if 3 € k(II), then m(R) is Gs.
(See also Subsection 1.9 for the terminology.)

(4) See [3] for the classification of the non-reduced elliptic root systems.

1.8 Strategy of Proof of Theorem 1.1

In this subsection, we explain about strategy of Proof of Theorem 1.1.

Strategy of Proof of Theorem 1.1 (1) (See Subsection 4.9 for the proof)
A prototype of our proof is the one of the Gabber-Kac theorem [7], [8, The-
orem 9.11], which states that the (symmetrizable) Kac-Moody Lie algebras
RKIN can also be defined by the generators, called the Chevalley generators,
and the relations, called the Serre relations. (Namely, it is the Serre theorem
for 891 .) Outline of the proof of the Gabber-Kac theorem is as follows:
Let &9 be the Lie algebra defined by the Chevalley generators and the
Serre relations. Let f : &9 — &M be the natural epimorphism. It fol-
lows that &M, as well as &AM, has the triangular decomposition and has the
property that the Weyl group action on the set of the roots preserves their
multiplicities. Then 9" and &M have the properties:

( (i) The dimension of the Cartan subalgebra (i.e., the zero
root space) is rank?2( + 2 dim ker 2, where 2 is the generalized
Cartan matrix for which &9 and &9’ are defined.

(ii) The set of the (non-zero) roots are formed by
the real and imaginary roots.

| (iii) The multiplicity of any real root is one.

(1.35)

(cf. [8, Chapter 5]), where a root is called real if it is conjugate to a simple
root under the Weyl group action; otherwise, it is called imaginary. By
(1.35), ker f is a subspace of the direct sum of the imaginary root spaces.
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The proof is completed by showing that ker f is really {0} (this is done by
using a technical fact [8, Proposition 9.11]).

Strictly speaking, our prototype is the proof of (1.35). We notice that
(1.35) is similar to Lemma 4.2 in this paper.

In the proof of Theorem 1.1 (1), we use the triangular decomposition:

136 a=( @D 0)P(rover)B( D )

pe(ZyIdZa)\Za ve(Z_TI&Za)\Za
(see (1.42)), where [* = @,c1n8ma, and we also use the fact:
(1.37) dim gy o) = dimg, forw € Wy and o € &

(see (4.11)), where Wy = (sq|a € II) (see (1.1)).

Let us explain the strategy more precisely. (Caution: As a matter of fact,
we get Theorem 1.1 (1) as an immediate consequence of Lemma 4.10, which
is a wider-version of Theorem 1.1 (1). However, by Theorem 3.2, we see that
Lemma 4.10 is not properly wider than Theorem 1.1 (1).)

To each g, we attach a Lie superalgebra I and a homomorphism ; : g —
IL such that dim;(h) =1+ 4 (see Lemmas 4.1, 5.5-5.9 and Subsections 5.1
and 5.9; Subsection 5.1 is strategy). Thus we have (1.31).

We use notation R° and g as follows. Let S be a non-empty subset of
I1. Set R® := (RS®Ra)N R (cf. (4.24)), s0 R = (ZS®Za)N R (cf. (1.14)).
Let RS" = (Z,S ®Za) N R and RS~ = (Z_S ® Za) N R (cf. (4.59)). By
(1.14), we have

(1.38) RY = RST U RS~

(cf. (4.60)). Let g° (cf. (4.25)) be the sub-Lie superalgebra of g generated
by h and E,, E_,,, E,~, E_,» with all u € S. For o € £, let g5 = g% N g,.
If | S| <2, then (by Lemmas 4.3, 4.5 and 4.6) we have

(1.39) =P PP P o)
HERS Xe(Z\{0})ksa

where ks = min k(S), and we have

(1.40) dimg; =1 for all u € RY.

(Strategy of the proof of (1.39)-(1.40). We use Lemma 4.2 in this paper,
which is a weaker version of (the super-version of) the Gabber-Kac theorem

[7]-
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Case 1: |S| =1 and S = {a}. By (1.17) (or (3.2)), we can see that R{®}
is an affine root system with a base {a, —a*} (see Lemma 4.3 (1)). Since
Ei., Ei. satisfy the Serre relations (see (SR1-5)), we have (1.39)-(1.40)
(see Lemma 4.3 (2)) by using Lemma 4.2 (and (1.31)).

Case 2: |S| = 2 and S = {«, B} with (o, 3) # 0. Assume that k(o) <
k(B) or k(a) = k() and (a*, a*) > (5%, %) (cf. (4.15)). Let x = —(8Y,a*)(€
{1,2}) and 7 = —(a* +8)(= —sa(a°)). Since RS = Wio gy, (RI ORI
(more precisely, (3.11)), we can see that R{®/} is an affine root system with
a base {a, 3,7}. Let

Ei = (£1)P)(F1)*z 7 (ad E5)® Fra-

(see (4.42)). We show by case-by-case checking that h, (¢ € &) and E,
(1 € {£a, +8,+7}) generate gl*f and satisfy the Serre relations (see Step 4
of Proof of Lemma 4.5 (2) (and (4.23))). Then we have (1.39)-(1.40) (see
Lemma 4.5 (2)) by using Lemma 4.2 (and (1.31)).

Case 3: |S| =2 and S = {«, B} with (o, ) = 0. Then (1.39)-(1.40) are
clear from Case 1 since gl®# = glet 4 gl and R{®AH = Rl y BRI} (see
(4.56)-(4.57)).)

Let «, B € II be such that a # 3. Since gi®}, glft c glof by (1.38),
(1.39) and (1.40), we have

(1.41) { it gi = {0} for p € RIF and v € R}~

o™ 0] Cgith for pe RO and X € Zk(B)a,

Where if p+\ ¢ Rt g{i})\ = {0} (see (4.64)). Since g is generated by h and

gl with all & € IT and g € R}, by (1.41) (and (1.31) and (1.38)-(1.39) for
S = {a} with all a € II), we have

(1.42) g=nt@lfahael &n”

(see (4.61)), where we let n* be the sub-Lie superalgebras of g generated by

gl with all @ € I and all g € RI*H* and we let [£ = S giﬁk(a

By (1.42), we have (1.36) (more precisely, n* = @ ¢z, 1670)\ 748, and [
Bme+Nma)- Let a € T By the definition of n*, we have niﬂ(@,\eza@zaﬁh) =

@,\GR{Q},igf\a}. Then, by (1.40) and (1.42), we have

. 1 if A € R,
(1.43) dimgy = { 0 if A€ (Za® Za)\ (R UZa)
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(cf. (4.70) and (4.71)).
Since Fi, (o € II) are locally ad-nilpotent (see Subsection 4.2 for the
terminology (cf. (4.5))), we have (1.37) (see (4.11)). We can prove

R = Wi.(Ugenn R1Y) (see (4.32)) and
(ZI1 & Za) \ (RU(Z & Za)) C

(1.44) Wir. <(Uaen((Za © Za) \ (R U Za)))
U((ZI1 & Za) \ (Z,11 & Za) U (Z_T1 & Za)))> (see (4.33)).

By (1.36), (1.37), (1.43) and (1.44), we have (1.30) and (1.32), as desired.

Strategy of Proof of Theorem 1.1 (2) (See Subsection 6.2 for the proof) Us-
ing a super-symmetric invariant form on L (see above for L), we have a super-
symmetric invariant form (, ) on g (see (6.11)). Then (using Lemma 6.1)
we get (, ) by normalizing (, ).

Strategy of Proof of Theorem 1.1 (3) (See Subsection 7.2 for the proof)
Using (3-i)-(3-iii) (and Lemma 7.1), we see that for each p € By, if p(u) =0
(resp. p(p) = 1), then Chy,v @(@%i)lﬂ(ggw@g’_mu)) is a sub-Lie superalgebra
of g’ isomorphic to sly(C) (resp. osp(2[1)). In particular, g/, C ¢'(p(n)) and
there exist £, € g/, such that [E, ' | = h,v (and CE], = g ,). Hence
he (0 € £) and ', (u € By) satisfy (SR1-4). They also satisfy (SR5,8,9),
since the corresponding root spaces do not exist (see (4.19) and (7.5)). Using

(3-ii), for (a, 3,y) € A, we can show (instead of (SR6,7)) that
(E1) () (ad B )V By = b (ad Bl AV L,

for some ¢, 5 € C\ {0} (see (7.8)). However, since g(a) # (0 for some « € II,
A(IT) (see (1.15)) is not Al(l), i.e., the Dynkin diagram associated with A(II)
is not a loop. So we see that there exist z, € C\ {0} (1 € By) such that
z/jflE’iu satisfy (SR6,7). Thus we can define a homomorphism f : g — g’ by
f(he) = ho and f(EY,) = z;'E.,. Using (3-iv) (and Lemma 4.4 (3)) and
using automorphisms 7, of g’ (1 € By) having the properties n;, (g,) = g, ()
and n),(Imf) = Imf, we can see that f is surjective.

1.9 Notation Ry, R, and R

Here we recall the names of the irreducible finite root systems and the gener-
alized Cartan matrices of affine-type. If R is an irreducible finite root system,
then R is one of the following: A; (I > 1), B, (1 > 3), C; (I > 2), D; (I > 4),
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E (1=6,7,8), Gy (Il =2) and BC; (I > 1) (see [4, Chapter VI §1 Definition 1
(SR1)-(SR3)| and [1]). If | = 2, we use A, Cy or Go; we don’t use Bs.

Recall A(IT) from (1.10). If R is an affine root system and II is a base of
R, then A(II) is one of the following:

Al(l) (l > 1)’ Bl(l) (l > 3)’ Cl(l) (l > 2)7 Dl(l) (l > 4)7
(1.45) El((: oo 8()23 SR ,(2)G§1) - 2)’(2)

Ay (121), Ayly (128), Dy (122), B (1=4),

Dy (1 =2)

(see [8]; see also Section 9).
Let R be an extended affine root system. Define subsets Rq, [fj; and Rex
of R by
Ry ={a € R|(a,a) < (B, 0) for all 5 € R},

Rex = RN7 1 (27(Rg,)) and Rig = R\ (Rsn U Rex) (see (1.5) for 7). We have
(1.46) R = Ry, U Rjy U Ry (disjoint union).

Notice that Rex = () if and only if the irreducible finite root system m(R) is
reduced. For a subset S of R, set

(1.47) S =S N Ry, Sig = S N Rig, Sex = S N Rey.

2 Facts of the affine root systems

2.1 Bases of the affine root systems
The following lemma is well-known, but we state it for later use.

Lemma 2.1. Let R be an irreducible finite root system. Let Il be a base of
R (¢f. (1.6)). Then we have the following:

(1) Wi = W (see (1.1) for Wi and see Definition 1.1 for W = Whg).

(2) For p, v € R with (u,pn) = (v,v), there exists w € Wy such that
w(p) =v.

(3) There ezists a unique Og, = O, (R, 11) € R such that Wi.0g, = Ry, C
Osn + Z_I1. Moreover, if Rig # 0 (resp. Rex # 0), then there exists a unique
O = Og(R,II) (resp. Oex = Ox(R,II)) € R such that Wi.0, = Ry, C
b + Z_1I1 (resp. Win.bex = Rex C bex + Z_1I1). Furthermore, 0y, € NII,
ng € NII (Zf ng 7é @) and O = 204, (Zf Ry 7é @)
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Proof of this lemma shall be given in Section 8.

Keep the notation as in Lemma 2.1. Let Og, = {fs}. Let O, = {04}
(resp. Oy = 0) if Ry # 0 (vesp. Ry = ). Let Opx = {fex} (resp. Oex = 0)
if Rey # 0 (resp. Rex = 0). Set

(2.1) @(R, H) = @sh U @1g U @ex.

Recall the definition of the generalized Cartan matrix of affine-type from
8, §4.3 and Proposition 4.7]. By [8, Theorem 4.8|, we have the following.

Lemma 2.2. Let [ € N.

(1) Let A = (aij)o<ij<i be an (I + 1) x (I + 1)-matriz. Then A is a
generalized Cartan matriz of affine-type if and only if there exist a rank-l
irreducible finite root system R with a base {v1,...,v} and an element vy of
—O(R,1I) (see (2.1)) such that a;; = (7,7;) (0 <1i,5 <), i.e., A= A(II)
(cf. (1.10)), where we let II = {vy,...,m}. (See also (1.45) and Section 9.)

(2) Keep the notation as in Subsection 1.1. Assume dimV = [+1 and let
{v:]0 <@ <1} be a basis of of V such that v; € V* and the (I+ 1) x (I +1)-
matriz (v, v;))o<ij<i 15 a generalized Cartan matriz of affine type. Then
there exists a unique x € ®L_Nv; such that Zx = VO N (&l_yZv;).

The following theorem seems to be well-known (see [11]), but we state
and prove it for later use.

Theorem 2.1. (c¢f. [11]) Let I € N.

(1) Let (R,V) be an affine root system of rank . Let &' be a basis element
of the rank-one Z-module ZRNV?, i.e., Z6' = ZRNV? (¢f. (1.4)). Let II' =
{a1,...,aq} be a subset of R such that w(I1') is a base of the irreducible finite
root system (m(R),V/Rd') (cf. (1.6) and (1.5)). (So ZR = (&!_,Z«;) & 7'
(cf. (1.9)).) Then we have:

(1-1) There exists a unique ag = ao(R,11',0") € R such that {ag} Ul is
a base of R and ag € N&' @ (Bl Zay).

(1-2) ag = 0" — 0, where § € NII' and w(0) € O(w(R), n(Il")) (see (2.1)).

(1-3) ((e), @j))o<ij<i s a generalized Cartan matriz of affine-type.

(1-4) For 0 < ¢ < I, if 2a; € R, then —(o,a5) € {0,2,4} for all
Jj€A{0,..., 3\ {i}.
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(2) Let A = (aij)o<ij<i be a generalized Cartan matriz of affine-type. Let
T={ie{0,...,1}|a; € 2Z_ for all j € {0,... 1} \ {i}}

(soi € T if and only if (aij,a;;) € {(—2,-1),(—-2,-2),(—4,—-1),(0,0)} for
all j #14). Let T be a subset of T (T can be any subset of 7, i.e., 0 < |7] < |7]).
Then there exist an affine root system R of rankl and a base Il = {ay, ..., o}
of R having the following properties:

(2-1) ai; = (o, o).

.. o {Oli, _al} ( ¢ T,
(2_11) B0 Ral N { {CYZ',QOQ', —Qy, —20(1} 1€ T.

(3) Let (R,V) be an affine root system of rank l. Then, for any two
bases of 11y and 11y of R, there exist € € {1,—1} and w € Wy such that
cw(Ily) = 11;.

(4) Let (R, V) be an affine root system of rank . Let 11 be a base of of R.

Then we have:

(4-1) There exists ag € 11 such that 7(I1\ {ao}) is a base of w(R).
(4-2) There exists a unique 6(11) € NII such that

(2.2) Z6(M) = VPN ZR.

4-3) ap = ap(R, I\ {a}, 6(I1)) (see (1-1) above).
4-4) A(I1) is a generalized Cartan matriz of affine-type (see (1.10) for
)

).
4-5) For X =Z or R,

(2.3) XR=PXa=( @ Xa)Pxs).

a€ll acIl\{ao}

Proof of this theorem shall be given in Section 8.

As an immediate consequence of Theorem 2.1 (1)-(2), we have:

Lemma 2.3. (cf. [11, Appendixes 1 and 2]) Let | € {1,2}. Let (R,V) be
an affine root system of rank l. Let 1I' = {ay, ..., a;} be a subset of R such
that w(Il') is a base of w(R) and, for 1 < i < I, 2a; € R if there ewists
o € R with 2¢), € R and w(o) = m(ey) (cf. (1.5)). Let § € ZR be such that
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76 = ZRNV? and let ag = (R, 1T, 6). (So, § = 6(I1), where 1T = {ap} UTT
(see Theorem 2.1 (1) (1-1) and (2.2))). Then we have:

(1) Assume l =1. Then

(2.4) R= |J ((cs +Z6) U (2201 + g10))
ee{l,—1}

(€ Zoy @ Z6 (cf. (2.3))), where

(2.5) g €1{0,2Z+1,72,27,4Z7}.

(Any g1 of (2.5) can occur.) Moreover, if g, € {0, 27,47} (resp. {2Z+1,7Z}),
then oy = —aq + 0 (resp. agp = —2a;1 +9).

(2) Assume | =2 and (0, 0n) < (ag, 00). See (1.1) for Wia, asy- Then

2

(2.6) R= | (J(w(e)+Zkio) U (w(2a;) + g;k:d)))

wEW{Oq,OtQ} =1

(€ Zoy @ Zay ® Z6 (cf. (2.3))), where
(27) kl = ]-7 kQ € {17 —(OKY,OQ)}7 gs = @

and

{0} if (o
(28) g1 € {(Z)a Za 2Z> 27 + 1} lf (Oéi/a a2) = =2 and ky = L,
{0,27., 47} if (f, ) = =2 and ko = 2.

(Any ko of (2.7) and any g1 of (2.8) can occur.) Moreover, for i € {1,2},
RNRe; @RS = | ((eas + Zk:id) U (22 + gikid)).

ee{1,-1}
Furthermore, letting x = —(ay , an)(= % € {1,2,3}), we have:
(2.9)
( Soy (=2 +0) = 8o, (—a1 +0) ifky=1,2=1, g =10,
Say (—aa +0) ifke=1,2=2, g €{0,2Z},
- San(—2a1 4 0) ifke=1,2=2, g €{Z,2Z + 1},
"7 ) SaySay(—ag +9) ifko=1,02=3,9 =0,
SC,Q(—OQ + (S) Zf ]{?2 = 2, r = 2, g1 < {@,2Z,4Z},
[ SaySas(—a1 +9) ifko=3,2=3,g.=0.
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(3) (Here we give details of (1)-(2) above.) Assumel € {1,2}. Then R is
exactly one of the following. In the list below, we let T = {i|2c; € R,0 < i <
[} and let A = A(II) be of (1.10).

(3-1) The case of | = 1.
(A§1)> ap =0 — a1, R=Ueeqry(ean +7Zd), A is Agl)’ T=0.
(A5) a0 = 6 — 201, R = U.eqany((eas + Z0) U (2c0n + (2Z + 1)d)),

A is Ag T = (2)
( D(0,1)) ap =6 — 20y and R = Ueep1y((eeq + Z6) U (2eay + Z9)), A
is A2 , T = {1}

(CD(2) ag = 6 — a1, R = Ueepany((eaq + Z8) U (2eay 4 220)), A is AV,
T ={0,1}.

(A(4)(0, 2)) Qo = o — aq, R = Use{il}((gal + Z(S) U (28&1 + 425))
A is Agl), T ={1}.

(3-2) The case of | =2. We assume (a1, 1) < (ag, az).
(AY) ap = 6 — (01 +a2), R =Unew,., ., (w(on) +20), Ais AY, 7 =0,
(a1, on) = (az, a2).
1

(C5) ap = 6 — (201 + ), R = UL, Uyew,, .,y (w(aw) +26), A is C3",
7=0, 2(a1,01) = (g, a).

(G57) ag = 8= (3a1 +202), R = ULy Unew,,, o (o) +Z0), A is G5,
=10, 3(ar, a1) = (ag, ).

(AP ap = 0— (201 +202), R = Unew,.., .,, (U w(on) +Z0)U(w(201) +
(2Z + 1)), A is AD, 7 =10, 2(a1, 1) = (a2, 2).

(DY) ap = 6 — (a1 +02), R = Upew,.. .., (w(on) +Z8) U (w(az) +220)),
A is D:(f), 7=0, 2(a1, 1) = (g, a2).

(
=0— (20(1+062), R = Uwew{alm}((w(al)+Z5)U(w(a2)+325)),

A is fo’), T =10, 3(c1, 1) = (a2, a2).

(BM(0,2)) ag = § — (201 + 2aw), R = Uwew{al’az}((ugzlw(oz,;) + Z0) U
(w <2a1) +76)), Ais AD, 7= {1}, 2(a1, 1) = (w2, 2).

(A®(0,3)) ag = § — (2a1 +ag), B = Unewy,, ., (UL w() + Z6) U
(w(2aq) + 2Z96)), A is eV r= {1}, 2(a1, 1) = (g, ag).

(CP(3)) ag =6 — (a1 + a3), R = UweW o, oy (W) + Z6) U (w(az) +
278) U (w(2ay) + 2Z8)), A is D, 7= {0,1}, 2(ar, a1) = (aa, 2).
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(AD(0,4)) ap =0 — (a1 +az), R = UweW o,y ((W(a1) +Z6) U (w(az) +
27.6) U (w(20c) + 4Z9)), A is D§2), T ={1}, 2(aq, 1) = (g, a2).
(The symbol in each parenthesis is the notation used in [10, Table 1-4] for
the Dynkin diagram for the pair (A, T); see also Section 9.)

Proof. (Strategy. Case-by-case checking with the use of Theorem 2.1 (1)-
(2).) Using Theorem 2.1 (1)-(2), we see that (3) holds. By checking the R’s
of (3) directly, we have (1) and (2). O

Let R be an affine root system with a base II. By (1.3), we have

(2.10) RN (| JNa)=TIU (21N R).

a€ll

2.2 Key facts
The following lemma is a key to this paper.

Lemma 2.4. Letl € N. Let (R,V) be an affine root system of rank | with a
base I1 (cf. (1.6)). Let S be a non-empty subset of 11 (i.e., 1 < |S| < |H|(=
[+ 1)). Let Wg be as in (1.1). Let § = §(II) be of (2.2).

(1) If 6 € RNRS(= RNZS) (cf. (2.3)), then there exists w € Wg such
that

(2.11) w(B) € SU (2SN R)

(see also (2.10)). (Namely, RNRS = Ws.(SU (25 N R)))
(2) If € € ZS \ (RUZJ), then there exists w € Wy such that

(2.12) w(&) € (ZS\ (Z+SUZ_S)) U ((UpesNa) \ (SU (2SN R))).

(3) Wrars = Ws. (In particular, W = Wiy, where we recall W = Wg
from Definition 1.1.)
(4) If £ € ZS \ 70, then there exists w € Wg such that

(2.13) w(é) € (N | JZS\ (2,50 Z_9))).

a€esS

Proof of this lemma shall be given in Section 8.
We also need the following lemma.
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Lemma 2.5. Letl € N. Let R be an affine root system of rank | with a base
II. (Notice W = Wy (see Lemma 2.4 (3)).) Let o, 5 € II be such that o # 3.
Then (1) and (II) below are equivalent:

(I) There exists w € W such that w(a) = .
(IT) There ezist vy, ...,7, € Il (with r > 2) such that vy = «, v = 3 and
(v i) = (%,’yivﬂ) =—1foralll<i<r-—1.

Proof of this lemma shall be given in Section 8.

3 Elliptic root systems of rank > 2

3.1 Maps k and g and construction of R(Il, k, g)

In this section, we always assume (R, V') to be an elliptic root system of rank
[ > 2. Let ITU{a} be a fundamental-set of R (see Definition 1.2). Let (Ilg,)’
be the subset of II formed by a € II satisfying the condition that either
(a, B) = 0or (5, 3) = 2(c, ) holds for every 8 € I\ {a}. Then (Ily,)" C g,

(see (1.47) for Ily,) and, more precisely, we have

[y, if I =2 and A(II) is Cél), Af) or D§2),
(3.1) ()" = { Ty, if >3 and A(T0) is B, AS or D),
) otherwise

(see (1.15), (1.45), (1.47) and Section 9 for the notation).

Theorem 3.1. Let R be an elliptic root system of rank l > 2. Let I1U{a} be
a fundamental-set of R (see Definition 1.2). Recall (3.1) and (1.14). Then
we can define maps k: 11 — N and g : 11 — {0,2Z + 1,7Z,27,47} by

(32)  RNRa®Ra)= |J ((ca+Zk(a)a) U (2ea+ g(a)k(a)a))

ee{1,-1}
(o € II). Moreover k and g have the following properties:
(i)
(3.3) R= U (U (w(a) + Zk(a)a) U (w(2a) + g(a)k(a)a))).

weWn a€cll

22



(i) min k(IT) = 1.

(iii) If o, B € II are such that a # (3, (a, ) # 0 and (o, ) < (B, ),
then k(B) = k(a) or k(B) = ( ,ﬁ)k(a). (Notice that (since I > 2)
(8Y,a) = =1 and (a¥,B) € {—1,—2,—-3}. See also Remark 3.1 (1) below.)

(iv) g(a) =0 if a ¢ (Il

(v) g(a) €4{0,Z,2Z, ZZ+1} if o € (Tlg,)" and there exists § € TT\{a} such
that (o, 8) # 0 and k() = k(B) (notice ( ViB)=—=2and (0Y,a) = —1).

(vi) g(a) € {0,2Z,4Z} if o € (Ilg,)" and there exists 3 € 1\ {a} such
that (o, B) # 0 and 2k(a) = k(B) (notice (a¥,3) = =2 and (8Y,a) = —1).
(vu) k(IT) C {1,2,3,4}.

Remark 3.1. Before we give the proof of Theorem 3.1, we remark the fol-
lowing;:

(1) Since [ > 2, it follows that (8Y,a) = —1 and (o, 3) € {—1, -2, -3}
for o, § € T with o # 33, (o, §) # 0 and («, ) < (5, 3). The image k(II) for
each II is explicitly indicated in (3.13) in the proof of Theorem 3.1. In the
cases where g(«) # () for some « € II, all the possible values of k and g are
given in Tables 4.1-4.4.

(2) By (iii) and (iv) of Theorem 3.1, we conclude that if « € II is such
that g(a) # 0, then (8Y,a) = —1, («¥,5) = —2 and k(B) € {k(a),2k(x)}
for g € 11\ {a} with («, 5) # 0.

(3) If g(«) # fZ) for some a € II, then A(IT) is CS" (I = 2), Bl(l) (I > 3),
Ag) ({>2)or DlJr1 (I > 2) since (IIg,)" # 0 (see (iv) of Theorem 3.1).

Proof of Theorem 3.1. Recall 7, form (1.11). (Strategy. This theorem
follows mainly from Lemma 2.3 (1)-(2). Let a € Il and R{*} = RN(Ra@Ra).
We show that for each o € II, R{®} is a rank-one affine root system and
7.(R{}) is a rank-one irreducible finite root system with the base {m,(a)}.
Then, by Lemma 2.3 (1). we can define the maps k and g by (3.2). Let o, 5 €
IT be such that a # 3 and («, 8) # 0. Set R{*F} .= RN(Ra®RB®Ra). Then
R{®A} is a rank-two affine root system and m, ( R1*%}) is a rank-two irreducible
finite root system with the base {m,(«),7,(3)}. Then, by Lemma 2.3 (2),
R{®A} has the same expression as (3.3) with {a, 3} in place of II. Then
(iii)-(vi) follow from (2.7)-(2.8). Notice that for any g € m,(R) \ 2m,(R),
there exist @ € m,(II) and w € Wy, (C GL(V/Ra)) such that i = w(a)
(see Lemma 2.4 (1)). Then (3.3) follows from (3.2). We can easily see that
(ii) and (vii) hold.)

We proceed in steps.
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Step 1. m,(R) is an affine root system with the base m,(II). This is clear
from (FS2) (see Definition 1.2).

Step 2. Let a € II. If there exists o € R with m,(a/) = m,(a) and
2a’ € R, then 2ac € R. This is clear from (FS3).

Step 3. For each a € 11,

(3.4) (a+(Z\{0)a) N R #£0.

By (1.14), R cannot be included in ZII. Hence there exist 4 € R and
m € Z \ {0} such that u € ma + ZII. By Step 1 and Lemma 2.4 (1), we see
that there exist v € I, ¢ € {1,2} and w € Wy such that w(u) = ¢y + ma.
Notice that

(35)  R355mmmay) = 5, (7 — (¢'2)(ey + ma) = v — 2" ma.

(Hence (3.4) holds for this special 7.) Let A = v — 2¢ 'ma. Notice that for
gell,

(36) B3 s,m(8) =s(8-(".0N =B+ (".5) 2 ma.

Notice that for any o € II, there exist ~q,...,7. € II such that v, = «a,
v = and (7, 7i41) 7 0 (1 < ¢ <r —1). Then by (3.5) and (3.6), we see
that (3.4) hold for all a € II.

Step 4. R1*PY is a rank-two affine root system with (RR{®FH0 = Ra,
where R\PY is as in Strategy. Let o, 3 € II be such that o # ( and
(e, ) # 0. Since I > 2, we have (o, 3)(a",5) € {1,2,3} (cf. (1.45) and
Section 9), so

(a¥,a) (a’,B) —4— (oY oV
(3.7) det((ﬁv,&) (ﬁv76>)—4 (a”, B)(a”, B) # 0.

Let VIt = Ra@RAGRa and R*A#H = RNVieAt By (3.4) and by noticing
that a € R also holds (cf. (FS2)), we see that ZR{*? N Za # {0}. Hence
there exists k, g € N such that

(3.8) ZRP = Za & 78 @ Tk, pa

(see also (1.14)). By (3.7)-(3.8), since R satisfies (AX3,4), we see that
(R{BY VieBt) is a rank-two affine root system with (V1¢8)0 = Ra, as
desired.
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Step 5. m,(R1*PY) is a rank-two irreducible finite root system with the base
{ma(), ma(B)}, where RIPY is as in Strategy. Let RI*P} be as in Step 4.
By Step 4, m,(R1*%}) is a rank-two irreducible finite root system. By (1.14),

Wa(R{a’ﬁ}) C (Zymo(a) ® Zymo(B)) U (Z-ma(r) ® Z_ma()).

Hence {7,(a), 7,(3)} is a base of m,(R{®) (cf. (1.6)).

Step 6. We can define the maps k and g by (3.2). Let a € II and
R = RN (Ra @ Ra) (cf. (1.14)). By the same arguments as in Steps 4
and 5, we see the following:

(Step 6-1) Ri°} is a rank-one affine root system.
(Step 6-2) There exists k(a) € N such that

(3.9 ZRY™ = Za @ Zk(a)a.

(Step 6-3) m,(R{*}) is a rank-one irreducible finite root system with the
base {m,(a)}.

Then, by Lemma 2.3 (1) and Step 2, there exists g(a) € {0,2Z+1,Z, 27,47}
such that

(3.10) R = | ((ea+Zk(a)a) U (2ca + g(a)k(a)a)).

ee{l,-1}

Thus we can define k and ¢ by (3.2).

Step 7. (i) holds. By Step 1 and Lemma 2.4 (1), we see that for any
fi € To(R) \ 274 (R), there exist v € I and w € Wy, (C GL(V/Ra)) such
that w(i) = w(m,(«)). Then for any p € R, there exist o € Il and w € Wy
such that w(p) € R} (see Step 6 for R{}). Then by (3.10), we have (3.3).
Hence (i) holds.

Step 8. (iii)-(vi) hold. Let R1*%} be as in Steps 4 and 5. Assume (o, a) <
(8,5). By (1.14), (3.2), (3.8) and Steps 2, 4, 5 and by Lemma 2.3 (2), we
have the following:

(Step 8-1) ko5 = k().
(Step 8-2)

311) R =] (|J () +2Zk()a) U (w(2y) +g(1)k()a))).

weEW(q4 5y ve{,0}
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(Step 8-3)

(5.12) ) e {1 ~(a". ).
(Step 8-4) g(B) = 0.
(Step 8-5)
03 if (o, ) # —
gla) e { {0,Z,27,27 + 1} 1f( ,B) = 2and EB§— ’
{0,27, 47} if (a ,ﬁ) = —2and 755 =2.

Then we see that k and g satisfy (iii)-(vi), as desired.

Step 9. (ii) holds. Let o € II be such that k(«) = min k(IT). Using (iii), by
case-by-case checking (cf. (1.45) and Section 9), we see that k(II) C Nk(«),
so Zk(Il) = Zk(«). On the other hand, we have ZR N Za = Za by (1.14)
and we have ZR N Za = (Zk(I1))a by (3.3). Hence k(a) = 1, which implies
(i), as desired.

Step 10. (vii) holds. By (ii)-(iii) and case-by-case checking, we have

{1y if A@) is AV, DY or BV,

{1} or {1,3} if A(IT) is G{") or DY,
{1}, {1,2} or {1,2,4} if A(TI) is AJ,
{1} or {1,2} otherwise

(3.13) k(IT) =

(see (1.45) (and Section 9) for the notation). Hence k(II) C {1, 2, 3,4}, which
implies (vii), as desired. This completes the proof. O

3.2 1T, 7™ and R(II, k, g) and g(IL, k, g) for any (II, k, g) €
T;

Definition 3.1. (7} and a set R(Il,k,g)) (1) Recall the notation in Sub-

section 1.1. Let [ > 2. Let V be a (fixed) | 4+ 2-dimensional R-linear space

equipped with a (fixed) positive semi-definite symmetric bilinear form (, )
on V such that dim V? = 2. Let a be a (fixed) element of V°\ {0}. Then:

(3.14) we define 7} to be the set of the data (I, k, g)’s
such that each (II,k,g) € T; is formed by a subset II = {ag,..., o} of
V> (with [II| = [ 4+ 1) and two maps k : II — {1,2,3,4} and g : II —
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{0,2Z +1,7Z,27,47} satistying the following three conditions:

(1-i) ITU {a} is an (R-)basis of V.

(1-ii) (a, ;) =0, (i, ;) > 0 and A(II) is an (I 4+ 1) x (I + 1)-generalized
Cartan matrix of affine-type, where we set A(IT) := ((a, @;))o<ij<i (see also
(1.15)).

(1-iii) k£ and g have the same properties as in (i)-(vi) of Theorem 3.1.

(2) Let I > 2 and (II, k, g) € T (see (3.14)). We denote by R(IL, k, g) the
subset of V' defined by

(3.15) R(ILk,g) = |J (| (w(a) + Zk(a)a) U (w(2a) + g(a)k(a)a)))

weWn a€cll

(compare this with (1.19) and see Theorem 3.2 below). Let 7, : V' — V/Ra
be the canonical map (compare this with (1.11)). By Theorem 2.1 (2) and
Lemma 2.4 (1), we see that

(3.16) mo(R(IL, k, g)) is an affine root system with the base m,(II).
In particular,
(3.17) R(IL,k,g) C V™.

By (3.16) and Theorem 2.1 (4), we can define 6(IT) and «q as follows: Let
§(IT) € VO be such that

—~

3.18) §(IT) € NII and Z6(IT) = V° N ZII

—~

compare this with (1.13)). In this paper, we always let o € II be such that
7o (IT\ {aon})) is a base of the irreducible finite root system m(m,(R)) (see

)

(1.5) for 7), so

(3.19) Ta(a0) = ao(ma(R), ma(IT\ {00 }), ma (4(IT))

(compare this with (1.12) and see Theorem 2.1 (4) (4-3)). For p € R(IL, k, g),
let

0 if2u¢ R(ILk,g),
(3.20) p(p) = { 1 it 25 e R(H,k,z)

(compare this with (1.2) and see also Lemma 3.1 (2) below).
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By (3.16) (with Theorem 2.1 (4) and (1.6)) and (3.18)-(3.19), we see that

(3.21)

the same equations as in (1.14) with
R = R(IL, k, g) of (3.15) and § = §(II) of (3.18) hold.

The following is a converse of Theorem 3.1.

Theorem 3.2. Let | > 2 and (Il k,g) € T; (see (3.14)). Let R(IL, k, g) be
of (3.15). Then (R(IL, k,g),V) is an elliptic root system and I1 U {a} is a
fundamental-set of R(I1, k, g) (see Definition 1.2).

The proof of the theorem shall be given in Subsection 4.9.

Lemma 3.1. Let | > 2 and (II,k,g) € T} (see (3.14)). Let R = R(Il, k, g)
be of (3.15). Let p(-) be of (3.20). See (1.1). Then we have:
(1) For each o € 11,

(3.22) RN (Ra@®Ra) = U ((ea + Zk(a)a) U (2ea + g(a)k(a)a)).
ee{l,—-1}

(2) For each o € 11 and w € Wry,
RN (Rw(a) ® Ra) = w(RN (Ra® Ra))
= U (w(@) + Zk(@)a) U (cw(2a) + g(a)k(a)a)).

ee{l,—-1}
In particular, if i € R is such that p(u) = 1 (resp. p(n) = 0), then RNRy is
{_211’67 —Hs Qﬂ} (7"65}?. {_:ua M} or {_:ua _%/1'7 %M7 lj’}) (Compare this with

(1.3).)
(3) For a subset S of 11,

(3.23) RNRSoRa) = | J (| (w(e)+Zk(a)a)U(w(2a)+g(a)k(a)a))).
weWg a€S
(4) If p, v € R and w € GL(V) be such that w(R) = R and w(p) = v,
then p(p) = p(v). In particular, p(—p) = p(u) for u € R.

Proof. (Strategy. We mainly use Lemma 2.5.)
(1) Since k and g have the same properties as those in (i)-(vi) of Theo-
rem 3.1, by Lemma 2.5, we see that if «, 3 € II be such that § € Wy.a, then
k(o) = k(B) and g(a) = g(B). Then (3.22) is clear from (3.15).
(2) This follows from (1) and (3.15).
(3) This follows from (1), (3.15) and Lemma 2.4 (1) (with (3.16)).
(4) This is clear. O

28



Definition 3.2. (A Lie superalgebra g(I1, k, g) associated with (I1, k,g) € T;
and a subset T™ of T))
(1) Let 1 > 2 and (I, k, g) € T} (see (3.14)). Then:

(3.24) { we use the notation defined for this (II, k, ¢g) in

the same way as in (1.20)-(1.21) and (1.24)-(1.29).
Let p(+) be of (3.20). By (3.21)-(3.22), we see that

(3.25) this p(-) also satisfies the same equations as (1.22)-(1.23).
Then (for this (I, k, g) € T)):

we define the C-Lie superalgebra g = g(II, &, g)
(3.26) and the subspaces h = h(IL, k, g) and g, (0 € &)
of g in the same way as in Definition 1.3.

(Caution: we have not given a proof of Theorem 3.2.) Notice

(3.27) g, = (8, N 9(0)) & (g, N g(1))

(cf. (1.26)).
(2) Let I > 2 and (I, k, g) € T; (see (3.14)). Define subsets 7™, T, T
and T} of T} by

™ = {(ILk, g) € Tj]g(r) = 0 for all o € 1T},

oy ) IT=TAT™
' 17 ={(IL,k, g) € T)|g(«) € {0,2Z + 1} for all « € 1T},
T ~ T\ 1.

In this paper, we mainly treat 7;™. Using (3.1), we can see:

(3.20) If (I, k,g) € T;™ and [ > 3 (resp. | = 2),
' then A(II) is Bl(l), Ag) or Dl(i)l (resp. C8V, A or D;Q))

(see (1.45), Section 9 and Definition 3.1 (1) (1-ii) for the notation).

Remark 3.2. (1) Let [ > 2. Let J; be the set of the isomorphism classes of
the rank-[ elliptic root systems. For a rank-[ elliptic root system R, we denote
by [R] (€ J;) the isomorphism class represented by R. By Theorem 3.2, we
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can define amap F; : T} — J; by Fi((IL, k, g)) = [R(IL, k, g)]. By Theorem 3.1,
J; is a surjective map.

(2) Let J™ = F(IT/™), J; = F(1}) and J™ = F(1™). We see that
JI (respectively, J™) is the set of the isomorphism classes of the reduced
(respectively, non-reduced) elliptic root systems of rank [ > 2. We also see
that J/™ is the set of the isomorphism classes [R] of the reduced elliptic root
systems (R, V) satisfying the condition that there exists a one-dimensional
subspace G of V? such that GNZR # {0} and (rg(R),V/G) is a reduced
affine root system, where ¢ : V' — V/G is the canonical map. Notice that
this assumption is the same as in [13, §5 A)]. We call this R a reduced-
marked elliptic root system. Notice that J™ C J; and, as mentioned in
Remark 1.2 (2), |J}/J/™| = 2.

4 Root space decomposition (Proof of Theo-
rem 1.1 (1))

4.1 Dimension of h = h(Il, k, g)

In Subsections 4.1-4.8, we always assume:
(4.1) [ >2and (I, k,g) € T"™ (see (3.28)-(3.29))

and we use the notation:

( Let R = R(IL, k, g) be of (3.15). Let 6 = §(II) be of (3.18).
Let g = g(II, k, g) be of (3.26) (see also (4.3) below).
Let h = h(I1, k, g) and g, (0 € €) be of (3.26).
(4.2) Let g(i) (i € Z) be of (1.26) and notice g(i + 2) = g(i).
Let p(p) (1 € R) be of (3.20) (see also (3.25)).
Let A, € =E(L k,g), By, c(a)(€ {1,2})
and o (= c(a)a + k(a)a) (o € II) be of (3.24).

\

We begin with the following lemma.

Lemma 4.1. See (4.1)-(4.2). We have hy, # 0 for all 0 € £\ {0}. In
particular, dimbh = [ + 4.

Proof of this lemma shall be given in Subsection 5.9 (see Subsection 5.1
for strategy of the proof).
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It is clear from (3.26) that
(4.3) o(Lkg) = P o
AEZTI®Za

and h C go (we shall see h = g¢ in (4.69)).

4.2 Locally ad-nilpotent elements

Let a be a Lie superalgebra. Let X € a(i) for some ¢ € {0,1} (see (1.26) for
a(i)). If for any Y € a, there exists m € N with (adX)™(Y) = 0, then we
say that X is locally ad-nilpotent. If X € a(0) and X is locally ad-nilpotent,
we can define exp(adX) € Aut(a) by

(4.4) exp(adX)(Y) =)
(cf. [1, CHAPTER 1 §1], [8, §3.8]).

4.3 Automorphism n, € Aut(g)

See (4.1)-(4.2). Let pn € By. By (3.26), we have Ey, € g(p(r)). By (SR1-5),
we see that

(4.5) E., are locally ad-nilpotent elements of g
(see Subsection 4.2 for the terminology). By (4.5) and the representation

theory of sly or osp(2|1), for v € € and X € gy, \ {0} with [EL,, X] =0, we
can see

(46)  (1',v) € (14 p(u)Zy and (adEg,) ™ *1(X) =0,
Set .
Eb - { Eili if p(lu) = 07
e ii[Eiuv By, if p(p) =1.

Then E”, (€ g(0)) are locally ad-nilpotent (see (4.5)) (notice that if p(u) = 1,
then ad[Fy,, Fy,] = 2(adE1,)?). We have

b
(A7) (BB = haspgomwy and [haipgoyny B, = £2E7,.
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By Lemma 4.1, h14p(u)uv 7 0. Hence, by (4.7),
(4.8) E%, #0.

We also see that (B, h(1sp()yuyv, £7,) is an sly-triple.
Let p € By. By the above argument, we can define n, € Aut(g) by

(4.9) n, = exp(adEZ) exp(ad(—EiM)) exp(adEZ)

(see also (4.4) and [1, CHAPTER 1 §1 (1.23)], [8, §3.8 Lemma 3.8 b)]). We
can see that
(4.10)

nfl(ha) - hsu(a)a <907 E;u E—/L> = TL (90) = gsu(a and ni:l(g(l)) = g(@)

for 0 € & and i € {0,1} (cf. [I, CHAPTER 1 §1 (1.26) and PROPOSI-
TION 1.27]), where (g,, E,,, E_,) is the sub-Lie superalgebra of g generated
by E,, E_, and g,.

By (4.10), we have

(4.11) dim gy (o) = dim g, and dim(g.) N g(7)) = dim(g, N g())

for w e Wg,, 0 € £ and i € {0,1}, where Wi, = (s,|u € By) (see (1.1)).

By the representation theory of sly (cf. [18, Proof of Lemma 2.1]), for
pe By, ve&and X € gy, \{0} with [EL,, X] =0, letting i1 = (1+p()) s
we have (¥, v) € Zy., (adEY )" (X) = 0 and

1!
((n¥,v) —)!

(0 <i<(n',v)). For u, v € By with (u”,v) = —1 (so (v¥, u
by (4.12), since [Ey4,, E+,] = 0 (by (SR5)) and p(r) = 0 (by (

we have

(4.12) n,((adB%,)'(X)) = (F1)" (1)

{ nu(Exy) = £[Exy, Ex ],

n”(Ei“) - (j:l>(vv,u) (—( ; u))!(adEiVy(VV’M)(Eiu),

where we notice that (v¥, ) = —2 if p(v) = 1. Hence for p, v € B, with
(1", v) <0, we have

(4.13) ny(Ey,) = (£1)



4.4 Significance of (SR5-9)

See (4.1)-(4.2). Let (o, B,y) € A (cf. (4.2), (3.24) and (1.24)). Then («, 3) #
0, &5 ¢ {1,2} and y = k() ) . The following four cases exist:

T () k(a)

I)COé) 7( 75):_17y:13ndg(a):®7

i) c(a) =1, (a¥,8) = =2, y = 1 and g() € {0,27Z},

iii) c¢(a) =1, (aV,8) = =2, y = 2 and g(«) € {0, 2%, 47},
iv) cla) =2, (aV,08) = -2,y =1 and g(a) € {Z,2Z + 1},

(
(4.14) E
(

where we have ¢(3) = 1, (8Y,a) = —1 and ¢(3) = 0 in any case of (i)-(iv).
(Proof. Recall (1-iii) of Definition 3.1 (1) (see also (iii)-(vi) of Theorem 3.1)
and notice that c(a) = 2 if and only if g(a) € {Z,2Z + 1} (cf. (1.20)).) Let

{ o =@ and 3 =« if (ii) of (4.14) holds,

(4.15) o =aand f/ = otherwise.

By (4.14), we have ¢(8') = 1 and
B

KB ((o/)vﬁ) Ny
Y=%ao) = 7 el —(((a)*)", ') and
(4.16) { 7 (of')V,( N

Hence we have

(4.17) S () = B +y(@) = (0" + c(a’)ya’ = sa ((5)").
On the other hand, by (4.13), (4.16) and (SR6,7), we have
(4.18) na/(Ei(ﬁ/)*) = n(a/)* (E:tﬁ/).

This is a significance of (SR6,7).

Remark 4.1. We sce that o of (4.15) is A of Remark 1.1 (2). In the case
(i) of (4.14), we may change o and [ in (SR6,7).

As a significance of (SR8,9), it follows that
(4.19) *lia+(y—i)a"+8)¢ R if1<i<y—1

(Proof. Since y > 2, (iii) of (4.14) holds. Hence, since i ¢ Z, by (3.2), we
have +(8 — ik(a)a) = (6 — i (B)a) ¢ R. Hence +(ia + (y — i)a* + 3) =

+(6 + ya —ik(a)a) = so(£(6 — ik(a)a)) ¢ R (cf. (AX4)).)
For a significance of (SR5), see (7.5).
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4.5 Affine sub-Lie superalgebras

Lemma 4.2. See (4.1)-(4.2). Let r € N. Let P be a subset of R formed
by linearly independent r + 1-elements such that the (r + 1) x (r + 1)-matriz
(Y, v))ywepr is a generalized Cartan matriz of affine-type (notice that it
follows from (3.17) that P C V*). Let Ey, (i € P) be elements of g+,
satisfying the conditions (i)-(iii) below:

(i) For each p € P, there exists p(p) € {0,1} such that Ex, € g(p(p)).

(ii) By, are locally ad-nilpotent elements of g (see Subsection 4.2 for the
terminology).

(iii) The equations

(4.20) (B E_)) = 6,,h,.
hold.

Let P = {u € Plp(p) = 1}. Let
(4.21) Rp =Wp.(PU2P)

(C ZP), where Wp = (s,|u € P) (see (1.1)). Let §(P) € NP be such that
Z5(P) = ZPNV° (c¢f. Lemma 2.2 (2)). Let gp be the sub-Lie superalgebra
of g generated by b and Ey, (u € P). Then we have the following:

(1) (Rp,RP) is an affine root system.
(2) P is a base of Rp (cf. (1.6)).

(3) RpN2P = 2P

(4) ZRp N VO = Z8(P).

(5)

(4.22) ar = DD (r)s) D( D (8p)msr).

BERp mez\{0}

where (gp)y = gp N go-

(6) dim(gp)s =1 for B € Rp.

(7) If B € Rp \ 3Rp (resp. B € RpN 3Rp), then (gp)s C g(0) (resp.
(gr)s C 8(1)).

(8) (8p)mspy C 8(m -, cpup(p)) for m € Z, where x, € N are such
that 3 e p Tupt = 6(P).
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By (i), (ii), (iii) (i-e., (4.20)) and (4.6), we have
(4.23) (BEx, )W Ey, =0 for p, v e P with u # v.

Then we can easily prove this lemma by using [10, Proposition 1.7] and
Lemma 4.1. We also give a (self-contained) proof in Section 8, because the
idea of the proof is a prototype of the one of Theorem 1.1 (1) (cf. Subsec-
tion 1.8).

4.6 Rank one and two subalgebras
Definition 4.1. See (4.1)-(4.2). Let S be a non-empty proper subset of II.
(1) Let

(4.24) R® = Rn (D Ze) @ Za)(= RN (RS EHRa))

aesS

(recall (3.21)).
(2) Let

(4.25) we define g° to be the sub-Lie superalgebra of g generated by
' hand E,, E_,, E,«, E_,- with all p € §.

For o € £, let g5 = g, N g°.
Now we treat R{* and g{* with o € II.

Lemma 4.3. See (1.1) and (4.1)-(4.2). Let a € II.
(1) Let R} be as in (4.24). Then R\ = (R Ra @ Ra) is a rank-one
affine root system with a base {a, —a*}. Moreover, we have

(426) R = Wi ay.({o, YU {20 p € {o, —a™}, p(p) = 1}),

(4.27)
—a* = ap(RY, {a}, —k(a)a) (see Theorem 2.1 (1) (1-1) for RHS),

(4.28) R =U.cn 1y ((ea + Zk(a)a) U (2ea + g(a)k(a)a))
and
(4.29) ZR'™ = Za & Zk(a)a, ZR NV° = Zk(a)a.
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(2) Let gl*} be as in (4.25). Then we have

(4.30) d =0 PP P P o

peRfal meZ\{0}

and
(4.31) dim gl{f‘} =1 and gfLO‘} C g(p(p)) for u € R,

Moreover g'o) . C a(m(p(a*) — c(a)p(a))) (m € Z).

Proof. (1) (Strategy. We mainly use Lemma 2.3 (1).)

The equality (4.28) follows from (3.22). Then (4.29) follows from (4.28)
(and (3.21)). By (4.28) and Lemma 2.3 (1), we see that R{®} is a rank-
one affine root system with a base {a, —a*}. Hence (4.26) follows from
Lemma 2.4 (1) and, moreover, (4.27) follows from (4.29).

(2) (Strategy. We use Lemma 4.2 for P = {a,—a*}).) It is clear
that ((1£",V))uvefa,—ary i a 2 X 2-generalized Cartan matrix of affine-type.
Then (2) follows from (1) of this lemma, (SR1-5), (4.5) and Lemma 4.2 for
P = {a,—a*} and Eiy = Fio, Fiqr = (£1)P@)E.,., where we notice
p(—p) = p(p) for p € P (see (3.25) or Lemma 3.1 (4)). O

Lemma 4.4. See (1.1), (4.1)-(4.2) and (4.24). We have:
(1) R = Wi.(UgennR1®Y). Moreover, fori € {0,1},
(432)  {u€ Rlp(s) = i} = Win.(Unen{v € R®p() = i}).

(2) For A € (ZI1 ® Za) \ (RU (Z @ Za)), there exists w € Wy such that

(433)  w(\) € (U((Za@Za)\(R{O‘}UZQ)))

a€ell

U ((ZH ® Za) \ (Z:11® Za) U (Z_T1 & Za))) .

(3) R=Wp, .(ByU{2u|p € By, p(n) = 1}).
(4) Wr = Wpg, (notice W = Wg (see Definition 1.1)).

Proof. (Strategy. This lemma follows easily from Lemma 2.4 (4).)
(1) This follows from (3.15), (4.28) and Lemma 3.1 (4).
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(2) By (3.16) and by (2.13) for 7,(R) and S = m,(II), we see that for
A € (ZI1 & Za) \ (Z5 & Za), there exists w € Wy such that

w(\) € (| (Na @ Za) | (21 & Za) \ (Z11 & Za) U (Z_11 & Za))).

Hence (2) holds, where we recall R1®Y = RN (Za @ Za) (a € T1) (see (4.24)).
(3) This follows from (1) and (4.26).
(4) This follows from (3) and the fact that ws,w™" = s, (w € Wa,,

In the following two lemmas, we treat R{*# and gl*?h.

Lemma 4.5. See (1.1) and (4.1)-(4.2). Let o, 8 € 11 be such that o # (3,
(a, B) # 0 and (o, ) < (B, ). Then we have the following;
(1) Let R} be as in (4.24). Let of, 3 € {a, B} be of (4.15). Let

(4.34) 7 = sp(=(a)").

Let P = {a, 3,7}. Then R\*F = (RIFY Ra@RBGRa) is a rank-two affine
root system with the base P. Moreover, we have

(4.35) R = Wp.(PU{2ulp € Pp(p) = 1}),

(4.36) R = | ) (| ((w(p) + Zk(p)a) U u(p)a+ g(p)k(p)a)))

weWia 5y pe{a,f}
and
(4.37) ZRP = 7o @ 7.8 @ Zk(a)a, ZRP N VO = Zk(a)a.

Furthermore, v = ag(R1*% {a, B}, —k(a)a) (cf. Theorem 2.1 (1) (1-1)).
(2) Let g'*P} be as in (4.25). Then we have

(4.38) {aﬂ}—h@ @ gl?) @ @ g{aﬁ}

peR{a.8} mezZ\{0}
and

Moreover it follows that g{o‘ B alp(p) (u € RYPYY and that for m € Z,
there exists j € {0,1} with g{a ﬁ} ., Ca()
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Proof. By (3.29), we have

(8,8) kB
(0.0) k(a)} c {1,2}.

(1) (Strategy. This follows easily from Lemma 2.3 (2).)

The equality (4.36) follows from (3.23). The equality (4.37) follows from
(4.36) and (4.40). Comparing (4.36) with (2.6), by Lemma 2.3 (2), we see
that R1*# is a rank-two affine root system with the base P; we also see
v = ag(R*P {a, B}, —k(a)a). Then (4.35) follows from Lemma 2.4 (1).

(2) (Strategy. Let v be of (4.34). Let Ey, = (£1)P@) g (Exan-). We
use Lemma 4.2 for P = {a, 3,7} and Ey, = E+, (u € P); we can easily see
that gi®f} is generated by h and {E.,|u € P}. To use Lemma 4.2, we show
by case-by-case checking that E., (1 € P) satisfy the equality (4.20).)

Let P ={a,3,7}. Let

(4.40) {

(4.41) Eyy = (1)) 050 (B 0r)).

We proceed in steps.
Step 1. B4, € g1, N g(p(7y)). This follows from (4.10), (4.34) and (4.41),
where we notice that p(F(a/)*) = p(vy) (see Lemma 3.1 (4)) and Exy- €

g(p((a)7)) (see (3.26)).
Step 2. gleP is generated by b and {EL,|u € P}.

(Strategy of Step 2. The key in this step is (4.18).)
By (4.41) and (4.13), we have

(4.42) By, = (£1)P ) (F1)%2  (ad Erp)* (Exar):) € g4,

where z = —((3)Y, (o/)*)(€ {1,2}). By (4.42), we can define (g{®?}) to
be the sub-Lie superalgebra of gl®% generated by h and {F,,|u € P}. By
(4.41), we have

By (4.18) and (4.43), we have
(4.44) Eigy = ng'ngy (Beg) € (817

By (4.43) and (4.44), the claim of this step holds, i.e., gi®ft = (g{efty,
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Step 3. Ey, (1 € P) satisfy the conditions (i) and (ii) of Lemma 4.2,
By (3.26) and (4.5), for v € {«, 5, o, 5"}, we see that F., satisfy those con-
ditions. By (4.41) (with (4.5)) and Step 1, E., also satisfy those conditions.

Step 4.  Ey, (u € P) satisfy the condition (iii) of Lemma 4.2 (i.e.,
(4.20)).

(Strategy of Step 4. We show (4.20) with E, (in place of F.,) for
we P ={a,(,v} by case-by-case checking; we mainly use (SR6-9).)

By (SR1-5), we only need to show that

(4.45) [Ey, E_] = hyv,
(4.46) E,,E_,] =0,
(4.47) (B, B_5] =0,
(4.48) B, E] =0,
and

(4.49) [E_,, Eg] = 0.

The equality (4.45) follows from (SR4), (4.34), (4.41) and (4.10). In the
following, we show (4.48) and (4.49); we can show (4.46) and (4.47) sim-
ilarly. We let X ~ Y mean that X = zY for some z € C\ {0}. See
Lemma 2.3 (3) (3-2) for the name of R{*#} (which is A, ... or A®(0,4)).
We may identify v, «, 8, —k(a)a, k(a), g(a), k(5) and g(3) with ag, a1, as,
J, k1, g1, ko and go in the statement of Lemma 2.3 (3) (3-2) respectively.

Case 1: R\ is AL (ie., (i) of (4.14)). By (4.42) and (SR6), we have
(4.50) E_, ~ [Ep, Ear] = [Ep-, Eol.

Then (4.48) and (4.49) follows from (4.50) and (SR5).
Case 2: RW is 8 or A@(0,3) (i.e., (ii) of (4.14)). We have

(4.51) E_, ~ [Ea,|Es Es]] (by (4.42))
= [Ea, [Ear, Egl]]  (by (SR6))
(4.52) = [Ea.[Ea  Es]]  (by (SR5)).
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Then (4.48) follows from (4.51) and (SR5). We show (4.49). We have
[E—y, Esl ~ [[Ea, [Ea, Esl], Eg]  (by (4.52))
= [[Ea, Epl, [Ea, Egl]]  (by (SR5))
~ n5([Ear, Bo])  (by (4.13))
= 0 (by (SR9)),
which implies (4.49), as desired.
Case 3: R\ is DY C@(3) or AD(0,4) (i.e., (iii) of (4.14)). By
(4.42), we have
(4.53) E_, ~ [Es, Ey-].
By (4.53) and (SR8), we have (4.48). By (4.53) and (SR5), we have (4.49).
Case 4: R{*F} s Af) or B1(0,2) (i.e., (iv) of (4.14)). We have
(454) B, ~ (Ep[EpEn]] (by (442)
(455) ~ (B, [Fa [Far B]]] (by (SRO)).
Then (4.49) follows from (4.54) and (SR5). We show (4.48). We have

(B Eol ~ [[Ep; [Ba, [Ea; Eg-]], Ea] - (by (4.55))
~ [[Es, Eal, [Ea, [Ea, Eg-l]]] - (by (SR5))
~ [[Es, Eol; [Es, Ea-]]] - (by (SRO))
~ ng([Ea, [Eg, Ea-]])

(by (4.13) and ng([Es, Ea]) ~ [Eg, Eor] (see (4.12)))
~ ng([Eq, [Ea, [Ea, Eg-]]])  (by (SR6))
= 0 (by (SR5)).
Then we have (4.48).

(Notice that R{*#} cannot be Ggl) nor Df) (see (4.40)).)
Step 5. (2) holds. By Steps 1-4 and Lemma 4.2, together with (1) of this
lemma, we see that (2) holds. This completes the proof. O

Lemma 4.6. See (4.1)-(4.2) and (4.24)-(4.25). Let o, 5 € 11 be such that
a# [ and (o, 3) = 0. Then we have

and
(4.57) Rl — pla} | piA}.
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Proof. By (SR1-3,5), [g{°}, g{#] c gi®} + g1 Then we have (4.56). By
(3.23), we have (4.57). O

4.7 Easy lemma

Lemma 4.7. Let a be a Lie superalgebra. Let a; (1 <1 <r) be subspaces of
a. Then we have

(458)  (ada)- (adar1)(a,) © 3 (adasyin) - (adag1e) (3).

UESr—l
where S,_1 is the symmetric group of degree r — 1.

This can be proved easily by using induction on r. The proof of this
lemma shall be given in Section 8.

4.8 Triangular decomposition

See (4.1)-(4.2). Let S be a non-empty subset of II. Let

(4.59) RT = RN (Z,.S @ Za) and R*~ = RSN (Z_S @ Za)
(see (4.24) for R®). By (3.21), we see

(4.60) R® = RST U RS,

Let ms = min{k(a)|a € S}. Define the sub-Lie superalgebras n* n®~

[+ and 19~ of g¥ (see (4.25)) by

S+ _ s
L @ 8,

we(Z+ SeZmsa)\Zmsa

[SV:‘: = @ gfmsa‘

reZ+\{0}

and

Let n* = n* and [+ = (1=,

Lemma 4.8. Keep the notation as above. We have:

(1)
(4.61) g=nt@lfahal @n.
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(2) n* (resp. n7) is generated by nioh* (resp. nieh) with all o € TI.
Namely, letting nW* = @ cniob® and n®* = [+ p=D2] (G > 2) we
have n* = Y2 n@+

(3) T =% e T and - =3 1t

Proof. (Strategy. Notice that g is generated by n{®t+ and nl*h~ with all
a € II, together with . Using the commutator formulas (4.63) and (4.64),
especially [n{oh+ nl8h=] = {0} (a # ), we have

(4.62) g=ho (i n®") @ (i n@y e () (bt @ led)),

acll

Then (1)-(3) easily follow from (4.62).)
We proceed in steps.
Step 1. g is generated by b, n(D+ and n™-—. This is clear since F.yq,
By € nlob® for o e I1.
Step 2. Commutator formulas for each a € TI. Let v € TI. By (4.30), we
have
nfodt plade] C plade

(4.63) { [nledt nlodo] € nledt g okt @ b @ oh @ nlad- (= gloh,
[n{a}vi’ [{O‘}7+ @ [{a}v_] C n{a}vi

(notice that [g{i}wlk(a)a, gg};HZk(a)a] c nlobT for | € Z and r, € g(a)).

Step 3. Commutator formulas for o, B € 11 with o # (3. Let o, § € 1 be
such that a # 3. By (4.31), (4.39) and (4.56), we see that if v € {a, 8} and

i€ R™Y then gi? = gi™®. Then, by (4.38), (4.56) and (4.60), we have

i) 1] = (0],
[n{a}vi’ [{B}H‘ ) [{IB}:_] C n{a}’i.

(4.64)
Step 4. (1)-(3) hold. Let [+ = (la}%, By (4.63) and (4.64), we have
a€cll
(4.65) [n(l)*,n(l)" ® ('[+ S '[—)] c D+ @it @ hao I~ @nM—
Then, for « € N, we have
(4.66) M= n®H)
c (adn™ ) (nM7)  (by Lemma 4.7)
= (adn®) 7 ([ )

c O nhHeirepelen® (by (4.65)).
j=1
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Similarly we have

(4.67) O+ @O caWtaitapai- o (Z nt)),

J=1

By (4.66)-(4.67) (and (SR1-3)) and Step 1, we have

o [e.°]

(4.68) g=0O_nHeifepel > )
Jj=1 j=1

(Hence we have (4.62).) By (4.68), we see that (1)-(3) hold. This completes
the proof. a

Lemma 4.9. See (4.1)-(4.2) and (4.24). We have:
(1)

(4.69) { {\ € E|dimg, # 0} C (Z,11® Za) U (Z_11 & Za)

and go = b.

(2) For each o € 11, it follows that

(4.70) dimg, =1 and g, C g(p(p)) for all p € R}
and that
(4.71) dimgy =0 for all X € (Za @ Za) \ (R U Za).

Proof. (Strategy. We use Lemma 4.8 (1)-(2) and the fact that for u €
Rieh, g, C nt.)

(1) This is clear from (4.61) (see also (4.3)).

(2) By Lemma 4.8 (2), we have

(D o oa

Ae(£Na)®Za

Then, by (4.61), we have

(4.72) @ g = nlobt g pleb- = @ gl{ta}.
Ae(Za®Za)\Za peRia}
Then (2) follows from (4.31) and (4.72). This completes the proof. O
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Lemma 4.10. See (4.1)-(4.2). We have:
(1)

(4.73) =D (Ps)D( D o).

HER (m,r)€Z2\{(0,0)}

(2) dimbh =1+ 4.
(3) dimg, =1 and g, C g(p(p)) for all p € R.

Namely g has the same properties as in Theorem 1.1 (1).

Proof. (Strategy. We can prove this lemma easily using (4.11) and
Lemmas 4.1, 4.4 and 4.9.)

(2) This is clear from Lemma 4.1.

(3) Let u € R. By (4.32), there exist a € II, v € R{®} and w € Wy such
that p(u) = p(v) and w(p) = v. By (4.11) and (4.70), for i € {0, 1}, we have
dim(g, Ng(i)) = dim(g, N g(7)) = Jipw) = dip(u- Then, by (3.27), we have
(3).

(1) This follows easily from (4.11), (4.33), (4.71) and (4.69). O

4.9 Proof of Theorem 1.1 (1) and Theorem 3.2
Here we give proofs of Theorem 1.1 (1) and Theorem 3.2.

Proof of Theorem 1.1 (1). (Strategy. This follows from Lemma 4.10
and Theorem 3.1. (See Subsection 1.8 for entire strategy.)) By Theo-
rem 3.1, we see that R can be identified with R(IL, k, g) of (3.15) for some
(I, k,g) € T (see (3.28) for T™™). Then the statement follows from
Lemma 4.10. (Notice that the definitions of g(II, k, g) given by Definition 1.3
and (3.26) are the same.) O

Proof of Theorem 3.2. (Strategy. This follows from (4.11) and the
root space decomposition (4.73) of g(I1, k, g).) If (I, k, g) € T/™ (cf. (3.28)),
the theorem follows from [13, (6.4)-(6.6)]. Assume (I, k,g) € T™™. Let
R = R(IL, k, g) be of (3.15). Let g = g(II, k, g) be of (3.26). Recall (AX1-5)
from Definition 1.1. By (3.21), we see that dim V° = 2 and R satisfy (AX1)
and (AX2). Since 7m,(R) is an affine root system (see (3.16)), we see that R
satisfy (AX3) and (AX5). By (4.73) and Lemma 4.10 (3), we have

(4.74) R={peV|(up) #0, dimg, # 0}.
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Then, by (4.74), Lemma 4.4 (4) and (4.11), we see that R satisfies (AX4).
Hence R is an elliptic root system. By (3.16), (3.21) and (3.22), we see that
ITU {a} is a fundamental-set of R. This completes the proof. O

5 Examples of representations (Proof of
Lemma 4.1)

The purpose of this section is to prove Lemma 4.1.

5.1 Strategy of the proof of Lemma 4.1

We prove Lemma 4.1 by case-by-case checking. In Lemmas 5.5-5.9 for each
(I1, k, g) € T™™, we shall explicitly give a Lie superalgebra LL and a homomor-
phism v; : g(I1, k, g) — L such that dim ¢;(h(IL, k, g)) = [+4. Let (I, k,g) €
Tp™. Let A(TT) be as in Definition 3.1 (1) (1-ii). Then A(II) is D\, A%,
B or € (see (3.29)). If A(TI) is D), then L = & © C[t,t"'] @ Co ® Cw,
where a Lie superalgebra & is sl(m/|r)® or osp(ml|r)®. If A(IT) is AS) or B,
then L = g(Il', ¥/, ¢) for some (II', k', ¢') € T™ with A(Il") = Dﬁ)l. If A(IT)
is Cél), then L = g(II', &, ¢) for some (IT', k', ¢") € T™™ with A(Il) = Bél)
or L= F(4)" @ C[t,t™'] @ Cv @ Cw. In the proofs of Lemmas 5.5-5.9, we
check that ¢;(h,) (0 € E(II, k,g)) and ¢;(E,) (1 € B) satisfy (SR1-9). We
can also use the facts (5.1)-(5.2) below:

As for (SR5), since 9;(E,) are locally ad-nilpotent

(cf. Lemma 5.3)), we only need to check that

[Vi(E,), ¥i(E,)] =0 for u, v € B with p # v and (g, v) >0
and for p € By and v € —B, with (u,v) =0

(5.1)

(this can be seen by the same formulas as (4.6)).

(5.2)
As for (SR4), to check [¢;(E,), vi(E_,)] = ¢i(h,v) for p € By \ 11,
we can avoid some calculation (see Remark 8.1).
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5.2 Contragredient Lie superalgebras

We first recall the definition of the contragredient Lie superalgebras [9]. (See
also Subsection 1.5 for the terminology.) Let I be a finite set. Let I°¥ be a
subset of I. Define a map p: I — {0,1} by p(i) =1 (i € I°4) and p(j) =0
(j € T\ I°). Let A = (a);jcr be an |I| x |I| matrix such that there
exist & € C\ {0} (i € I) satisfying the condition that D~'A is a symmetric
matrix, where D is the diagonal matrix diag(ey,...,€z). Such A is called
a symmetrizable matrix. For the triple (A, 1,1 Odd) of these A, I and [°%,
we define a C-Lie superalgebra & = &(A, I, [°4) in the following way. We

I,
define a C-Lie superalgebra &' = &'(A, I, I°) by generators:

with parities:

Let §' be the sub-Lie superalgebra of &' generated by A}, t, (i € I). By
a well-known argument (see [8, §1.3]), we see that {h}, ;i € I} is a basis
of 9, ie., dim$ = 2][| Let t be the ideal of ' maximal among the
ideals v/ such that v N §H’ = {0}. Then we define & = &(A, I, [°!9) as the
quotient Lie superalgebra &’ /t. The Lie superalgebra & is a contragredient
Lie superalgebra (see [9]). Let 7@ : ' — & be the canonical map. We denote
7(9"), 7(h)), 7(t}), 7(E!) and 7(F)) by 9, hi, t;, E; and F; respectively.

5.3 Properties of contragredient Lie superalgebras

By a well-known argument (see [10]), we have the following.

Lemma 5.1. dim § = 2|I|, i.e., {h;, t;|i € I} is a basis of §.

$* (the dual space of ). Define a basis {a;, 7;|i € I} of € by

é pu—
= aji, a;(t;) = 3i(h;) = §;; and ¥;(£;) = 0. Define a non-degenerate

(71)

46



symmetric bilinear form (, ) : €x & — C by (a4, &;) = ay;/&, (51, &;) = 6ij/&
and (%;,%;) = 0. For & € €, denote by h the element of $ satisfying the
property that 7(hyy) = (7,6) (F € $). Then we have h; = &h,) and
ti = Eh,).

The following is also proved by a well-known argument (see [8, Theo-
rem 2.2]).

Lemma 5.2. There exists a super-symmetric invariant form (,): & x & —

C such that (hiy, hizy) = (6,7) and (E;, Fy) = 6,6

By the same argument as in the proof of [17, Theorem 4.1.1], we have the
following.

Lemma 5.3. We have the following:

(1) (adEi)l_aijEj =0 Zfﬁ(l) = 0, Qi = 2 and C_Lij € Z_ or pr(l) = ]_,
Qi = 2 a_nd Ebij € 27._.

(2) [E_‘za E]_] :_0 if_aij = dﬂ == 0

(3) [E5 [[E3 E5), Ex]] = 0 if i # i # v # 0, pU) = 1, 85 = Gip = Gri = 0
and C_Lji —|—76_Lj7~7: 07. o B

(4) [Bn Bj) B = By BB if i £ 5 # 7 # 0, BG) = 50r) = 1, g =
C_Lji = air = C_Lm' = —1 and (_ljr = C_Lrj = 2.

(5) The same formulas as those in (1)-(4) with F;’s in place of E;’s hold.

Let C[t,t!] be the Laurent polynomial algebra. Let
(5.3) L=LA LY =6xC[tt "' eCioC.
We view £ as a Lie superalgebra in the following way (cf. Subsection 1.5).
If X € &(3i), let X @t" € £(i); let v, w € £(0) (cf. (1.26)). The Lie
super-bracket of £ is given by

(X @t" + a10+ byw,Y @t" + a0 + bow]
= [X,Y] @™ + mbino(X,Y)0 4+ binY @ " —bomX @ ™.

We shall also denote by (', ) the super-symmetric invariant form on £ defined
by

(5.4) (X @t"+a10+b1w0,Y @t" + a0+ bo0) = Oppyno0(X,Y) +a1bs + bras.
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5.4 Notation 7*"(A) and numbering of ay, ..., q

Let [ > 2. For A which is an (I + 1) x (I + 1) generalized Cartan matrix of
affine-type, we denote by 7)™ (A) the subset of 7™ (see (3.28)) formed by
the elements (II, k, g) € 7" such that A(IT) = A (see Definition 3.1 (1) (1-ii)
for A(IT)). By (3.29), we have

+1

(5.5) e _ (B U T (AR ) U TP (DY) if 1> 3,
| ’ T (cO)y U (AP U T (D)) i = 2.

Let (Il = {ag,...,u}, k,g) € T™ with [ > 2. From now on, we as-
sume that (a;, ;) < (@iy1,0541) and (qg, 41) # 0 for 1 < @ < [ — 1.
Then (o, ap) > (aq, 1) (see (3.19)). We define a total order on {0, 27Z +
1,Z,22,47} by 47 < 27 < 7 < 2Z + 1 < (. We also assume that if
(i, ;) = (aj,04) and ¢ < j, then g(oy) > g(e;) or g(oy) = g(a;) and
k(a;) > k(a;). Set

(5 6) Hsh =1IN ng(ﬂa(ﬂ)sh)a ng =1In ﬂ—a_l(ﬂa(n)lg) and
' ey = TN 7, (70 (1) ex )

(see also (1.47) and (3.16)).

5.5 Unfolding for Dl(j1

D O0=0—0— - —0=0

Qo Qg ap—1 65)] a1

Fig. 4.1

In this subsection, we always let (IT, k, g) € T“rm(Dl(+)1) with [ > 2. Then
ah = {ao,an}, My = {a; |2 < i <1} and e = O (cf. (5.6)). Moreover, we
see that k(II) is {1} or {1,2} (see (3.13)). Notice that g(3) = 0 for g € Il
and that k(51) = k(B;) for 81, B2 € II;. Moreover, we notice that for o € Ilg,
and 3 € Il it follows that (k ( ), 9(@), k(8)) is (1,0,1), (1,0,2), (2,0,2),
(1,2Z +1,1), (2,22 + 1,2), (1,Z,1), (2.Z,2), (1,2Z,1), (1,2Z,2), (2,2Z,2)
or (1,47Z,2) (see also Table 4. 1) Let (3 denote an element of II;, and define
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a map ¢ : Iy, — {1,2,3} by

(1 if g(a) = 0 and k(a) = k(B),
1 if g(o) = Z (this implies k(a) = k(5)),
2 if g(a) = B and 2k(a) = k(3)(= 2),
Ha) =< 2 if g(a) =27 and 2k(a) = k(B)(= 2),
3 if g(a) = 2Z and k(«) = k(5),
3 if g(a) = 2Z + 1 (this implies k(a) = k(5)),
| 3 if g(o) = 4Z (this implies 2k(a) = k(3)(= 2)).

We use ¥ in order to define k&Y below.
We define a map k¥ : IT — {1,2,3,4} as follows.

(i) If ¥(ap) =3 or I(ay) = 3 (ie., 3 € ¥(Ilg)), let
) =

if o/ € I, and ¥(o/

if o € Ilg, and ¥(o) = 2,
if o € Iy, ¥(o’) = 3 and g(o') € {2Z,2Z + 1},
if o/ € Iy, ¥(a’) = 3 and g(o/) = 47Z,

if o € ng.

—

ot

-3

~—

Sy

<

—~

Q\

~—

Il
W N =N

(ii) Tf 1 < 9(ap), (1) < 2 (e, 3 ¢ 9(I1y)), let

1 if o € Il and J(« ’):
E'(a) =< 2 ifd €lly and J(a/) =
1 if o/ € II,.

Y

7

Remark 5.1. The situation 4 € kY(II) occurs only when ¥(Ilg) = {2,3}
(see (5.7)). More precisely, for a € II, k() = 4 holds if and only if o € T,
Y(a) =2 and ¥(o') = 3 for o € I, \ {a}. See also Table 4.1 and Fig. 4.10 of
Remark 5.2 and (v-1,2) of Example 5.1.

-~ -~

Define a subset I = I(I1, k, g) of TI x {1,2,3,4} by

~ o~

I=1(kg)={(a,z) €T x {1,2,3,4}|1 <z < k¥(a)}.

We define an |1] x |I| matrix A = A(IL, k, g) = (@(0,2),(8.)) (cv2) (5.y)eT 10 the
following way (see also Remark 5.2 and Example 5.1). For «, 5 € I, we let
ﬁaﬂ denote the kY(a) x k¥(8) submatrix (G(a.q),(8,))1<s<k (), 1<y<kv(3) Of A.
For r € N, let e(r) = (e(r);j)i<ij<r denote the r x r identity matrix, i.e.,
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e(r); =1and e(r);; =0 (i # j).

(i) Let o € II(= IIg, UII}y). Then we define

( 2e(kY () if o € I,
2¢(kY(a)) if o € Ty, and g(«) € {0,Z},
( (1) [1) ) if a € Iy, g(a) = 2Z and J(«) = 3,
( g g > if « € g, g(a) = 2Z, Y(o) =2 and kY(a) = 2,
R 0020
Apoa={ 0002 . _ _ Vi) —
950 0 0 if € I, g(a) =2Z, ¥(a) =2 and kY () = 4,
0 200
2 -1 i
( 1 9 ) if o € Iy, and g(o) =2Z + 1,
0 0 1
0 2 -1 if a € I, and g(«) = 47Z.
L \1 -1 0

(ii) Assume «, # € II to be such that o # (§ and (o, 3) = 0. Then we
define both A\aﬁ and A\gya to be the zero matrices.

(iii) Assume 3y, B2 € I}, to be such that 8, # (2 and (51, F2) # 0. Notice
kY (81) = kY(f). Then we let Ag g, = Ag, 5 = —e(kV(51)).

(iv) Assume « € Ilg, and 8 € 11}, to be such that («, 3) # 0. Then /Alawg
and ;4\57,1 are defined by the following.

(iv-i) Assume ¥(«) = 1. Notice kY(a) = kY(B) € {1,2}. Then we let
Anp=—2e(kY(e)) and Ag, = —e(kY ().
(

iv-ii) Assume ¥(«) = 2. Notice that (kY(«), kY (53)) is (2,1) or (4,2). We
let

(1) i (K (0), KY(9) = (2,1),
P (G0 ) o) - ae

and we let A\aﬂ = t(A\B’a) (the transpose matrix of Eg,a).

(iv-iii) Assume ¥(a) = 3. Notice kY(a) € {2,3} and £Y(3) = 2. Then we
let
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R —e(2) if (¥ (a), k¥(8)) = (2,2),
Ao = -1 0 0 ey v _
( S ) i (kY (), K¥(9)) = (3.2),
and 121\04,,8 = t(zzl\ﬂja).
Lemma 5.4. The matriz A is symmetrizable.

This can be checked directly.

We define a subset 1°9 of T by
ded - {(aa I) S ﬂ/d(a,a:),(a,w) = 0} U {(OJ,Z‘) € ‘ﬂg(a> = Z}

Now we define the Lie superalgebra £ = E(H, k,g) by

~

(5.8) €= LI k,g) = &A,1,7°%)

(see (5.3) for £(A, T, 1°4)).

Remark 5.2. Dynkin diagrams of@(ﬁ(ﬂ, k,q), f(H, k,q), ]AOdd). Here we let

(IL, k, g) € Tl“rm(Dl(i)l) with [ > 2. In Table 4.1, we give the list of k, g, 9, kY

in the case where A(II) is Dl(i)l. We let 3 denote an element of 1I;, and we
notice {ay, a1} = Ilg,. Each number (r), i < r < vi, in the rightmost column
of the table means the Dynkin diagram I' which shall be described in (r) in
Fig. 4.6-4.11 after the table is given; (r)* means the one obtained from (r)

by replacing oy, a; (2 <1 <), ap by ap, oy_i12, aq respectively.
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(iv)*

(ii)
(iv)*

(iif)
(i)*

(iv)*

(vi)

(iv)
(vi)

(vi)

(iv)*

(i)*

(iv)*

(vi)

(iii)

(vi)

(vi)

kY (1)

kY (B)

kY (o)

V(o)

I(ayp)

1
2

3

glar)

22 +1

2Z+1

27
27
27
27
47
47

2Z +1

27
27
47

27
27
47
27
27
27
47
47
47

k(ar)

1
2

1

k(B)

1
1
1
2
2

g(ao)

2Z +1

2Z +1

2Z +1

2Z+1

2Z +1

27
27
27
27
27
47

k(ao)

1
1
1
2
2

Table 4.1

o O
= =
+~
.mm
g o
Z =
g.
/N o~
M =2
&~ =
Pt
(=)}
k?/u\
=
(<
g
()
=
=
N—

(A

following way. In T', the symbol i,z means («;, z)

The Dynkin diagram T of &

~

dot of T’ corresponding to (v, z) the (o, z)-th dot. As for the («;, z)-th dot
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of I', we mean

(i, 7) ¢ Z‘)dd and G(a, z),(a;,0) = 2 for (1) of Fig. 4.2,
(g, ) € £°dd and Q(a, z),(a;,0) = 2 for (2) of Fig. 4.2,
(i, ) € I° and @, 2),(as,0) = 0 for (3) of Fig. 4.2.

If a; € Iy, and ¥(«;) = 1, then

(1) of Fig. 4.2 if g(a;) =0,

(4) of Fig. 4.2 means{ (2) of Fig. 4.2 if g(a;) = Z.

1 O 2 @ (B ® @

1,T 1, T 1, 1,T

Fig. 4.2

If there exist no lines between the (a;,x)-th dot and the («;,y)-th dot, we
mean that G(a, 2),(aj.y) = Glay.y),(asz) = 0. Otherwise we mean

1) for
—1,-2) for
1

(1) of Fig. 4.3,
(
) for (
(
(

1)

2) of Fig. 4.3,
3) of Fig. 4.3,
1,1) for (4) of Fig. 4.3,
2,2) for (5) of Fig. 4.3.

(1) O—0 (2) O=0 B8) O—® (¢ & (6) =
Lo gy o dha gy dha gy hxo gy G gy

If o; € T, and Y(ey;) = 2, then

(2) of Fig. 4.4 if g(ay) =0
2

(1) of Fig. 4.4 means { (3) of Fig. 4.4 if g(a;) =

(1) x===x (2) O O (3) &=
LT LY L,r 1,y ,r 1,y
Fig. 4.4
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If ; € T, and Y(y;) = 3, then

(2) of Fig. 4.5 if g(a;) = 2Z,
(1) of Fig. 4.5means ¢ (3) of Fig. 4.5 if g(a;) = 2Z + 1,
(4) of Fig. 4.5 if g(«oy;) = 4Z.

(1) x—x (2) ®—® B) O—O (“¢) ®—®—O
i1 4,2 1,1 4,2 1,1 4,2 1,1 4,3 1,2
Fig. 4.5

Then T is given in the following way. In the following, we assume V(ag) >
Y(aq). The cases where ¥(ap) < ¥(ay) can be treated similarly.

(i) If () = P(ay) = 1, then T is the one of Fig. 4.6.

@Q=0—0— ++ —O=0
001 L1 [-1,1 21 1,1

Fig. 4.6

(ii) If ¥(c) = 2 and ¥(y) = 1, then T is the one of Fig. 4.7.

0,2
I

‘>‘< ...4O:>@
0,1 11 [=1,1 21 1.1

Fig. 4.7

(iii) If ¥(ag) = ¥(c) = 2, then T is the one of Fig. 4.8.

0,2 1,2
i i
I I
X . X

0,1 1,1 [-1,1 2,1 1,1

Fig. 4.8

(iv) If ¥(c) = 3 and ¥(v1) = 1, then T is the one of Fig. 4.9.
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0,2 1,2 1—-1,2 2,2 1,2
x—O—O— - —O=®

J

X—O—0O— " —O=®
01 L1 =11 21 1,1

Fig. 4.9

(v) If ¥() = 3 and ¥(ay) = 2, then T is the one of Fig. 4.10.

OO .-
01 L1 =11 21
Fig. 4.10

(vi) If ¥(c) = (o) = 3, then T is the one of Fig. 4.11.
0,2 1,2 1-1,2 2,2 1,2

Y

X—O—O— -+ —(O—X

J ]

X O—O— " —O—X%
0,1 L1 [-1,1 21 1,1

Fig. 4.11

Example 5.1. Assume | = 3. Let (II = {ag, a1, a0, a3}, k, g) € Tlmm(Dl(i)l)
(i) If k(o) :Ak(al) = k(az) = k(as) =1, g(ao) = g(az) = g(as) = 0 and
g(ay) = Z, then I' is the one of (i) of Fig. 4.12.
(if) If k(o) = 1, k(on) = k(az) = k(as) = 2, g(an) = g(az) = g(a3) = 0,

A~

and g(ay) = Z, then T is the one of (ii) of Fig. 4.12.

(iif) If k(o) = k(ar) = 1, k(az) = k(az) = 2, g(ao) = g(az) = g(az) =0,
and g(ay) = 2Z, then I is the one of (iii) of Fig. 4.12.
(iv)" If k(ao) = k(o) = k(as) = k(as) = 1, g(ao) = g(as) = g(az) =0,

and g(o1) = 2Z, then T is the one of (iv)* of Fig. 4.12.
(v-1) If k(ao) = 1, k(en) = k(az) = k(as) = 2, g(ao) = g(az) = g(as) =
(), and g(a;) = 2Z, then T is the one of (v-1) of Fig. 4.12.

95



ar) =1, k(az) = k(as) = 2, g(aw) = 2Z, g(a) =
Z, then T is the one of (v-2) of Fig. 4.12.
Z

k(ag) =2, k(o) =1, g(ag) =2Z + 1, g(ag) =

g(as) =0, and g oq) then T' is the one of (vi) of Fig. 4.12.

(i) O—=—=0O0—_C—0
0,1 3,1 2,1 1,1

-

0, 3,1 2,1

)

0,2 1,2

N

O
() 01 371 271 1.1

(iv) O=0—0—R—®—0

0,3 0,4

(v-1) COD\Q O—R——0 o/z
0,1 3,1 2,1 1,1 1,2 2,2 3,2 0,2
0,3




Lemma 5.5. Let | > 2 and (IL,k,g) € TP™ (D)) (¢f. (5.5)). See (3.26)
cind (5.8)._ LEtEA: exp(’“f) = 1+\/\/§Tl‘ Let E_(o ) = Flax(€ £) (notice
Floz € G(A L, 1) C £). Then there exists a unique homomorphism

o g(Il K, g) — E(H, k,q) satisfying the following:

V1(Fxa) =
( E:t(a,l) ’LfOé S ng and kv(a) =1,
Eia1) + Ex(a2) if a € Il and kY (o) =2,
Ei(an) if a € T, Y(a) =1 and kY (a) =1,
Eian) + Bt if a € T, Y(a) =1 and kY (a) = 2,
Eian) + Eia2) if a € T, Y(a) = 2 and kY (a) = 2,
Eion + Ei2) + Exas) + Eiay if a € g, 9(a) =2 and kY (a) = 4,
V2(Exa1) + Ex(a2) if a € gy, Y(a) =3 and g(a) € {2Z + 1,2Z}
(this implies k¥ () = 2),
\/i(Ei(a,l) + [Ei(a,?;)a Ei(a,Z)]) if a € Ty, 19(@) =3 and g(a) = 47
\ (this implies kY (a) = 3),
w(l (Eia*) =

Ei(an) @ if o € iy and kY (o) =1,
+v/— ( E:t (1) + E:I:(a 2)) ® k(e ZfOé c ng and kv(a) =2,
:I:k(a) _ \% —

E:t(al)®t ZfOéGHSh, 19( )_17 g(a)-@andk (a)_lf
+v—-1(— Eian + E:I:(a 2)) ® tEk(@)

ZfaEHsh, 19( ) =1, g(a) =0 and k¥ (a) = 2,
:|: [Ei(a 1) Ei(a 1)] & tik(a) Zf@ € Hsh; 19(05) = 1, g(a) =7 and k‘v(&) = 1,
L (~[Extay, Bean) + [Beiaa, Exaz)) ® £

if a € Ilgy, ¥(a) = 1, g(a) = Z and k" (a) = 2,
+vV— ( Ei (a,1) T Ei(a,?)) ® t*1

if a € I, 19(@)_: 2 and k‘v( ) =2 (thzs implies k(o) = 1),
((F3Ey(a1) +(TE +C EiaS) +¢* Ej[az;))®?5il

if a € T, Y ) and kY () = 4 (this implies k(a) = 1),
£V =2(=Eia) + Biaz) @ 15

if o € I, 1?( a)=3 and g(a) = 27Z (this implies kY (o) = 2),
V=1Ei (1), Biaz)] @t

if a € gy, ¥(a) =3 and g(a) = 2Z + 1 (this implies kY (o) = 2),
V2(Ex(a) + V—1Er(a1); Biag)) © t*

if a € g, ¥(a) =3 and g(a) = 47Z (this implies kY (a) = 3 and k(a) = 1),
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Z kY }_l(ax ifOéEng,

Y1(hav) = Zivl o) if a € g, and 9(a) € {1, 2},
23K D ey if @ €Ty and 9(a) = 3,
and Yy (he) = G D005 (5 € ), da(ha,) =

ity — { T Tlaon i glao) = 42,
o ZI; (1 )t(ao x) otherwise.
In particular, dim h(I1, k, g) = [ + 4.

This can be checked directly by using Lemma 5.3. We can also use (5.1)-
(5.2) and Remark 8.1.

Remark 5.3. The ideas of k", ﬁ, 7°%4 and 11 have been inspired by explicit
constructions of the affine Lie superalgebras in [16]. In fact, for «, g € II
with a # (8 and (a, 8) # 0, ¥ (gi®%) gives an explicit construction of the
rank-two affine Lie superalgebra g{®#} similar to that in [16, Theorem 6.11
(and Table 4)].

5.6 From AZZ to DZ(JR1

Let I > 2 and (Il = {ag, ..., }, k,g) € Tlnrm(AS)) (see also Subsection 5.4).
Notice that Iy, = {on}, Iy = {ag,..., ¢} and Ilex = {ag}. We define

(II' ={ag, ..., 1, K, ¢) € ﬂnrm(Dl(+)1) to be as follows. Let

Bo=on, Bi=0ap, Bi =i (2<i <) if g(o) € {2Z+1,Z}
and mg = 1 4 Op(ag),1- Then we let
k(a)mg
E(3) = ——L—
(ﬁ]) 1+ (Sjj()

(0<j<l!)and

VI Y/ if r =0,

g(ﬁ’">_{ gla,) if1<r<I.
Denote a for (IT,k’,¢') by @’ and let &' = §(I1')(= S.._, B (cf. (3.18)).
Assume (81, 57) = (a1, aq). Let

’ _ Aé/ l lf ﬁ(/] g a67
& A(g/ — , ,)5, (o, O‘l) Zi:l(l —1 + 1)04; if ﬁé = O/l
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Lemma 5.6. Keep the notation as above. See (3.26). Then there exists a
homomorphism 1y = g(IL, k,g) — g(Il', K/, ’) such that a(hay) = Fheav,
Vo(Brag) = £1[Frgy, Brgyl, a(Bra;) = +5[Ergye, Bxay)- T a(Era,) =
Ep, 1/12(Eia ) = Evgye, Valha ) = hs (1 < i < 1), dalha) = moha,
wg(h,\a) = —hA . and ¢2(hA5) hA/ Moreover, dim h(I1, k, g) = | + 4.

Proof. Using (5.1)-(5.2) and Remark 8.1, we can easily check that 1
is a homomorphism. We see dimh(Il,k,g) = [ + 4 by Lemma 5.5 since

¢2(U<H7kag)) = h(Hlvk/7g/)' =

Ag O=0—0— - —0=0

67/ 7] 6%) 651
Fig. 4.13

D}y Q&=0—0— -+ —0—=0
Bo B B By B
Fig. 4.14

In the following table, 3 € I,y and (3’ € II,.

Fao) [ F() [ *(an) [ olor) [ K |90 [FF) ] FE) | 900
1 1 1 27,4+ 1 1 27, 2 2 27+ 1
2 1 1 27+ 1 1 27 1 1 27, + 1
1 1 1 Z 1 27, 2 2 Z
2 1 1 Z 1 27, 1 1 Z
1 1 1 27, 1 27, 2 2 27,
2 1 1 27, 1 27, 1 1 27,
2 2 1 27, 1 27, 2 1 27,
4 2 1 27, 2 27, 2 1 27,
2 2 1 47 1 27, 2 1 47
4 2 1 47, 2 27, 2 1 47,

Table 4.2.
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5.7 From B! to D,

Let | > 3 and (IL, k,g) € Tlnrm(Bl(l)) (see also Subsection 5.4). Notice that
g, = {oq} and Iy = {ap, 2, ..., q}. Welet (Il' = {ay, ..., }, K, ¢) €
T (D)) be such that ¥(af) = k(a;) and ¢'(a}) = g(a;) (0 < i < 1).
Denote a for (II',k',¢") by a’ and let &' = §(II') (cf. (3.18)). Assume

(o), af) = (a1, 1),

Lemma 5.7. Keep the notation as above. See (3.26). Then there exists a ho-
momorphism 3 : g(IL, k, g) — g(II', k', ¢') such that V3(hay) = hag)v +hapv,
w3<E:|:ao> = %(adEiaé)Q(Eiai)y 77Z)3(E|:|:04E‘)) = %(adEiaa)Z(Ei(a;)*)f ¢3<E:|:ai) -
E:I:a;; ¢3(Eiaf) = E:t(ag)* ¢3(ha;/) = h(oz;)v (1 < i < l)7 7vb?)(ha) = ha’7
VY3(ha,) = ha, and s(hy,) = %h/\a,. Moreover, dim h(I1, k, g) = | + 4.

Proof. Let ' € {aj, (a;)*}. By (4.10), [na; (Ey), ey ()] = 1y (hyryv)
= hay)v + h(yyv. By (4.13), we have ngy (Exy) = 3(adEyqy)*(Exy). Hence
we have (SR4) for ¢3(EL,), where v € {ag,a5}. Since [Eiar, Eiay] =
[Es(ap)s Eiay] (by (SR6,7)), we can easily see [¢3(Eiqy), ¥3(Exq,)] = 0.
By (4.12), we have [¢3(E+a), ¥3(Exga;)] = Ny ([¥3(Exa,), ¥3(Exap)]) = 0.
Then, using (5.1)-(5.2) and Remark 8.1, we can easily check that 13 is a ho-
momorphism. We see dim h(I1, k, g) = [+4 by Lemma 5.5 since ¥3(h(I1, k, g))

=h(II', k', g'). =
@—ﬁ
BY e O=0
o%] o1 Qg O
Fig. 4.15

In the following table, 3 € Il,.

k(B) | k(aa) | glan)
1 1 27+ 1
1 1 Z
1 1 27,
2 1 27,
2 1 47
Table 4.3.
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5.8 From C{" to B{" or F(4)

In this subsection, we assume (IT, k, g) € T2™(CSV) (see also Subsection 5.4).
Then | > 2, Iy, = {aq} and T}, = {ao, s}

o O=0+=0

Qg a (%)

Fig. 4.16

) | k(a) | glar) | k(az)
27+ 1
Z
27
27,
27
47,

o po| M| = =~
o

= = = =] = =
[NOY O J Y ey iy

Table 4.4

Assume k(ap) = k(az). L (H’ = {og, af, 0, a4}, K g) € T?f‘rm(Bél)) be
such that k' (af) = K (ah) = K (o) = k(ap), K (o)) = 1, ¢ (o) = ¢'(afy) =
g (o) =0 and ¢'(a}) = g(a1). Denote a for (IT', k', ¢’) by a’ and let &' = §(IT")
(cf. (3.18)). Assume (o}, o)) = (ay, a1).

BV @—i:w

Fig. 4.17

Lemma 5.8. Keep the notation as above. See (3.26). Then there exists a
homomorphism 1y : g(Il, k,g) — g(Il', k', g") such that Y4(Eia,) = Eiar,
Vi(Era;) = Ex(ap)s Ya(Biag) = E[Eray, Bray)s Ya(Era,) = £[Eray, Eray),
Va(Eiar )—i[Eia'aEi(a ] ¢4(Eia2)_i[Eia/,Ei )<L Valhay) = hagyv+
h(a’Q)V; 1/14( ) h ¢4( ) - h(a ¢4( ) = ha; ¢4(hAa) =
ha,, and w4(hA6) = hAé,. Moreover, dimb(H,k,g) =6.
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Proof. We can prove this in a way similar to that in Proof of Lemma 5.7.
We can use the formula ny (Fiay) = £[Eia, Biay] and ng (Eiy)-) =
+[Esia, Eray<] (1 € {0,3}) (see also (4.10) and (4.13)). We can also use
(5.1)-(5.2) and Remark 8.1. Using 14, by Lemma 5.7, we see dim h(IL, k, g) =
6. 0

Assume k(og) # k(az). Then we see that such (II, k, g) exists uniquely
and is such that k(ay) = k(as) = 1, k(ag) = 2, g(aq) = 2Z and g(g) =
g(Oég) :7(2). B N

Let I ={0,1,2,3,4} and I°¥ = {1,2}. Define a 5 x 5 matrix A by

2 -1 0 0 0
-2 0 2 0 -1
o 2 0 -2 -1
o 0 -1 2 0
0O -1 -1 0 2

A:

The Dynkin diagram of &(A, I, 1°%) is given in Fig. 4.18. We notice that
B (A, I, 1°%) is the affine Lie superalgebra F(4)) (cf. [16, Table 3(b)]).

Q4
O:@&i@ Here O=—=® means ?ii aij = 2 -1 )
ay a; a, as a;  a; a

ji Qjj
Fig. 4.18

Lemma 5.9. Keep the notation as above. See (3.26) and (5.3). Then there
exists a homomorphism s : g(IL, k, g) — £(A, I, I°) such that 15(E,,) =

Ey + Es, ¢§(E—a2) = Fy + F3, Us(Ea,) = By + fzjz; ¢5_(E—a1) = F + P,
Us(Bay) = Ea, 15(E_aq) = Fi, ¥5(Eas) = =V —1(Ey — E3) @ t, ¢5(E_o3) =
V-IU(Fy— )@t ¢5(Ear) = —vV—1(E1 — B2) @t, 5(E_a;) = V=1(F1 —
Fg) &® t717 E/)E’(EO‘S) = E47® t2,7¢5<E_ag) = F4 X t72, w5(ha¥) = h[) —+ hg,
Vs(hay) = ha, ¥s(hay) = b1+ ha, ¥s(ha,) = 0, PYs5(hag) = ts and Ps(ha) =
20:20) 55 Moreover, dim h(I1, k, g) = 6.

(@4,074)

L~

This can be proved directly by using Lemma 5.3. We can also use (5.1)-
(5.2) and Remark 8.1.
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5.9 Proof of Lemma 4.1

Proof of Lemma 4.1. The lemma follows immediately from Lem-
mas 95.9-9.9. O

6 Invariant form (Proof of Theorem 1.1 (2))

6.1 Normalization of an invariant form

Lemma 6.1. Let | > 2 and (I, k, g) € T™ (see (3.28)). Let g = g(IL, k, g)
be of (3.26). Let By and € = E(I1, k, g) be of (3.24). Assume that there exists
a super-symmetric invariant form (, ) : g x g — C such that

(6.1) (huyhy) # 0 for some u € By

Then there exists a super-symmetric invariant form (,) : g x g — C such
that

(6.2) (hg,hr) = (0,7) foro, T€€&.
and
(6'3) ker(7 ) C @ Imé+ras

(m,r)€Z2\{(0,0)}
where § = 6(I1) (see (3.18)).

Proof. (Strategy. We first show that there exists (, ) satisfying (6.2) for
o € B, and 7 € £ (see Step 1). Then we modify it so that it satisfies (6.2)
(see Step 2). Finally we show (6.3) by using Lemma 4.4 (3) and the fact
(Eu, E_,) = ﬁ #0 (n € By) (see Step 3).)

We proceed in steps.

Step 1. There exists x € C\ {0} such that

(6.4) (hoyhy) = a(o,u) foro €& and p € By.
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For p € By, we have

(6.5) (E;mE—u)/ = ﬁ([hu7Eu]aE—u)/ (by (SR3))
1 /
_ m(hu,[EmE—u])
2 /
= ) Gy (SR,

Then, for 0 € £ and p € B, we have

66) (o) = (o BB L)Y oy (sRY)

Let pn € By be of (6.1) and let = = (h(;’};“))l, sox #0. By (6.6), x = (h(’;’}x)l
for all v € By since there exist v; € By (1 < i <r) such that (v, v;41) # 0,
v1 = v and v, = pu. Hence, by (6.6), we have (6.4), as desired.

Step 2. (, ) satisfying (6.2) exists. Let (, )" = L(, ) (see Step 1 for (, )).
Let
/A5 = h/\a - %((hAzS’ h/\é)/lh5 + (h—/\aﬁ hAa)”ha)>
h/Aa - hAa - %((h/\&? hAa)//h5 + (hAa7 hAa)//ha)'
By (6.4), we have
(g )" = (Mg )" = (R0 )" =0,
(6.7)

( §\6’ h‘;)” = (hix,ﬂ hUL)” = 17 ( ?\57 ha)” = (hix(ﬂ hé)” = 07
( ;\57 h'a)// = ( ;\a> hoe)// =0 foraell \ {ao}.

Define ¢ € Aut(g) by (Es,) = Es 6(hy) = hy (1 € Ba), d(ha,) = by,
and ¢(ha,) = . Let (,) = (, )" o(¢ x ¢). Then, (6.4) and (6.7) implies
(6.2), as desired.

Step 3. (6.3) holds. For o, 7 € € with o + 7 # 0, we have

(6.8) (90797) = {O}
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because 0 = ([hy, X],Y)+ (X, [hy,Y]) = N, o+7)(X,Y) for X € g,,Y € g,
and A € £. By (6.2) (and (6.5)), we have
(6.9)
{(E;ME W = ", )7&0 if e By,
((Eu, B, [E—w W) =—4A(E,,E_,) #0 if p€ By and p(u) = 1.

For p € B, we can see that for all X, Y € g, (n,(X),n,(Y)) = (X,Y)
(see (4.9) for n, € Aut(g)). Then, by (4.10), (6.9), Lemma 4.4 (3) and
Lemma 4.10 (3), we see that for u € R(IL, k, g),

(6.10) (, )lguxg_, is non-degenerate.

By (6.2), (6.8), (6.10) and (4.73), we have (6.3), as desired. This completes
the proof. O

6.2 Proof of Theorem 1.1 (2)

Proof of Theorem 1.1 (2). (See Subsection 1.8 for strategy.) Recall the
maps ¢; (1 <i <5) from Lemmas 5.5-5.9. Let (IL, k, g) € T"™ (see (3.28))
be such that R = R(II, k,g) is of (1.19) (and (3.15)). (We have proved
Theorem 3.2.) Define a super-symmetric invariant form (, )" : g(Il, k, g) X
g(IL, k,g) — C by

((,)o (W x4) if (ILk,g) € TP™(DY) (1> 2),
(, ) (Wl 0¢2) Wl 0%))
if (I k, g) € TP™(AY) (1 > 2),
(,)o((¢10s) x (Y O%))
(6.11) (,) = i

if (1, k, g) € T (C5") (1 = 2) and k(ap) = k(aa),
(,)o(¥s x ts)
L if (I, k,g) € Tlnrm(C'él)) (1 =2) and k(ag) > k(ay),

£ (
£ (I k,g) € TP™(B") (1 > 3),
(,)o((¥1 othgothy) x (11 013 0y))
£ (
£ (

where (, ) of RHS is the one of (5.4). Then using Lemma 6.1, by case-by-
case checking, we can easily see that the statement holds. This completes
the proof. O

65



7 Universality (Proof of Theorem 1.1 (3))

7.1 Characterizations of sly(C) and osp(2|1)

We give the following lemma and use it in the next subsection.

Lemma 7.1. Let a = a(0) @ a(1) be a Lie superalgebra (see (1.26) for a(i)).
Assume that a satisfies the conditions (i)-(iii) below:

(i) There exists a non-degenerate super-symmetric invariant form (, ) :
axa— C.

(ii) There exist H € a(0) and r € {1,2} such that (H,H) # 0 and
a=@®! __ . a,, where a, ={X € a|[H, X]| =2mX}.

(iii) For —r <m <r, dima,, = 1 (notice ay = CH).

Then we have the following:

(1) If r =1, then a = a(0) and there exist E € a; and F' € a_y such that
[E,F] = H (i.e., a =sly(C)).

(2) If r =2, then a(0) = a_o @ ag @ as, a(l) = a_; @ a; and there exist
E €a, and F € a_; such that [E,F] = H, ay = C[E, E] and a_y = C[F, F|
(i.e., a = osp(2|1)).

This lemma seems well-known, so we give a proof of this lemma in Sec-
tion 8.

7.2 Proof of Theorem 1.1 (3)

Proof of Theorem 1.1 (3) (See Subsection 1.8 for strategy.)

We proceed in steps.

Step 1. For each p € By, ¢y, C ¢(p(n)) and there evist EY,, € g,
satisfying (SR4) and CE!, = ¢, ,. (See (1.2) for p(u) and see (1.26) for
g'(7).) Let (, ) be the super-symmetric invariant form of (3-iii). As in (6.8),
we have

(7.1) (95,97) = {0} ifo+7#0.
By (3-iii) (see also (1.34)) and (7.1), we see that

(7.2) (, )iy xg”_, 18 non-degenerate for A € RU {0}
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see also (3-1)-(3-ii) and notice g, = h). Let v € R. By (7.2) and by (3-ii
0
(see also (1.32)), there exist X/, € ¢, such that

2
(73) g/iy = (CX/iZ/ and (X1//7 XLV) = (V, V) .
By (7.3), for 0 € £, we have
2
(o [0, X1 = (o X, X1, = ()X, X ) = 222 — ()
Hence, by (7.2) for A = 0, we have
(7.4) (X5, X)) = Dy
Let p € By and set
p(p)+1
g (1) = Chy BB (8, @ 0n)-
m=1

By (3-ii) (see also (1.3)) and (7.3)-(7.4), g'(u) is a sub-Lie superalgebra of
g’. By (3-iii) (see also (1.33)), we have (h,v,h,v) = ﬁ # 0. Hence, by
(7.1)-(7.2), we see that (, )g(uyxg(u 15 non-degenerate. Using Lemma 7.1,
we have g, C ¢'(p(1)). By this and (7.3)-(7.4), the statement of this step
holds.

Step 2: h, (0 € E) and E], (n € B) satisfy (SR1,2,3). This is clear from
(3-i) and B, € g, (see Step 1).

Step 3: E], (u € B) satisfy (SR8,9). This follows from (3-ii) and (4.19).

Step 4: E], (u € B) satisfy (SR5). Let u, v € B be such that p # v and
1+ v # 0. We show

(7.5) Tyt +v &R

(see (1.29) for z,,); by (1.3), we may assume p € B;. Recall from (1.14)
that

(7.6) R C(Z,J1&Za)U(Z_TI & Za).

We also recall v* = c(v)y + k(v)a (y € II) from (1.21).
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Case 1: (p,v) =0, so x,, = 1. In this case, we have u € {a,a*} and
v € {B,—p,0* —5*} for some «, § € Il with a #  and (o, ) = 0. By
(7.6), we may assume v € {33, 3*}. By (7.6), s,(u+v) =pu—v ¢ R. Then
we have (7.5) (cf. (AX4)).

Case 2: (pu,v) >0, so x,, = 1. Then the following two cases exist:

Case 2-1: p € {a,a*} and v € {—3,—0*} for some o, f € 11 with o #
and (o, #) < 0. In this case, by (7.6), we have (7.5).

Case 2-2: p, v € {a, o} (with p # v) for some « € 1. Assume u+v € R.
Notice p+v = a+a* = (¢(a) + 1)a+ k(a)a. Then c¢(a) =1 (by (3.2)) and
g(a) € {0,27,47} (by (1.20)). However, since 2« + k(a)a € R, by (3.2), we
have g(«a) € {Z,27Z + 1}, contradiction. Then we have (7.5). (This can also
follows from Lemma 4.3 (1).)

Case 3: (p,v) <0, sox,, =1—(u',v). Since (u, —v) > 0, by Case 2,
we have s,(—(z,p+v)) =p—v ¢ R. By (AX4) and (1.3), we have (7.5).

Then we have (7.5) for all cases. Hence, by (3-ii), the statement of this
step holds.

Step 5: There exist z, € C\ {0} (u € By) such that z;'E., satisfy
(SR6,7). Let u € By. By (AX3), we can see that [(RUV?)N (v +Zp)| < oo
for v € RUV? (see also the second equality of (1.14) and notice u € V).
By (3-ii) (see also (1.30)), we see that El , are locally ad-nilpotent (see
Subsection 4.2 for the terminology). Hence we can define nj, € Aut(g’) in
the same way as in (4.9) with £, in place of E,.

Let (o, B,y) € A (see (1.24)). Let o/, ' (€ {«,3}) be of (4. 15) Let

A = 5)(f). Then £X € R (cf. (1.21), (AX4) and (1.3)). By (3-ii),
dim g/ , = 1. By (4.17) and the same formulas as (4.10), we have n/( e (E s
N (Bl gry) € 8y and [0 (B ), nign(ELg)] = [n6 (Elg). ), g (B 5).)]
(= hyv #0) (cf. Step 1). By these facts, we have

(77) n/(a/)* (Eliﬂ/) = (CIO[/7 )iln;/(E,i(ﬂ/)*)

16/
for some ¢, 5 € C\ {0}. (Compare (7.7) with (4.18).) Let co 5 be (ch )"
(resp. ¢y 5) if @ = (3 (resp. o/ = ). By (7.7) and (4.16), using the same
formulas as in (4.13), we have:

(7.8) (£ () (ad Brar )V Erg = ¢t y(ad Era) ™Y Eyge.
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Recall from (3.29) (or Remark 1.2 (3)) that A(II) (see (1.15) and (1.45)) is
not Al(l), so the Dynkin diagram associated with A(IT) (or (A(II),()) is not
a loop (cf. Section 9). Then by (7.8), we can see that the statement of this
step holds.

Step 6: An epimorphism f : g — ¢ with f(hy) = h, (0 € &) euists.
By Steps 1-5, we can define a homomorphism f : g — ¢ by f(h,) = h,
(0 € &) and f(Ey,) = z;'EL, (n € By). By (3-i), (3-iv), Lemma 4.4 (3)
and the same formulas as in (4.8) and (4.10), we see that g’ is generated by
he (0 € €) and zi'El, (n € By). Hence f is an epimorphism, as desired.
This completes the proof. O

8 Proofs of well-known facts

Here we give proofs of Theorem 2.1 and Lemmas 2.1, 2.4, 2.5, 4.2, 4.7 and
7.1. We also give Remark 8.1, which is detail of (5.2).

Proof of Lemma 2.1. (1) This follows from [6, Theorem 10.3 (d)].

(2) This follows from [6, Lemma 10.4C] and (1).

(3) (Strategy. We use a (closed) fundamental Weyl chamber €(IT) = {v €
V](v,c;) > 0for all 1 <7 <1}.) Recall Wy = W from (1). Define f € V*
by f(a) =1 (« € II). Using induction on f(u) € Z with p € R and noticing
Sa(v) = v — (a¥,v)a (a € TI), we can see that for any 7 € R, there exists
w € Wi such that w(y) € €(II) and w(y) — v € Z,II. Then, by [6, Lem-
mas 10.3B] and (1)-(2), we can see that (3) holds (especially w(7) is Ogp, O
or ). O

Let R be an irreducible finite root system with a base II. By checking
directly (and using [6, §12 Table 2]), we have

(8.1) (u,v) >0 for p, v € O(R,II).
(see (2.1) for O(R,1I)).

Proof of Theorem 2.1. (1) (Strategy. We use a linear map f:V — R
(i.e.,, f € V*) such that f(o;) =1 (1 <i <) and f(¢') is sufficiently large
(see (8.5)). Let I/ be the subset of R formed by the elements 3 € R satisfying
the condition that f(8) > 0 and [ is not expressed as the summation of
more than one elements 3’ of R with f(5) > 0 (see (8.7)). We show that
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I/ is a base of R satisfying (1-1)-(1-4). It is easy to see that II' C II/ and
R=(RNZIV)U(RNZ_I1')). We show |II/| = + 1 by using (8.1).)

We proceed in steps.

Step 1 (Definition of f). Notice that for X = R or Z,

(8.2) XR =X§ @ (B, Xa,)

(see (1.4)). Assume that (ay, ;) < (@1, 4q) for 1 <i <1 —1. If [ > 2,
we assume oy to be such that there exists a unique j € {2,...,1} such that
(aq,a;) # 0. Let

Wi (I U {2a,}) it =1,
(83) R/ = WH/.(H/ U {2@1}) if [ Z 2 and 2(0[1, Oél) = (042, 042),
W I otherwise.

Using [6, Theorem 10.3 (c¢) (and §12 Exercise 3)], we can see that W .IT'
and R’ are irreducible finite root systems with the base IT'. We also see that
(W Il") € m(R) C m(R'). Then by (8.2), we have

(8.4) R C R +Zd'.
Define f € V* by
(8.5) flay) =1 (1<i<l) and f(§')=3M,

where M = max{|f(7)||y € R'} (notice |R'| < 00). It follows from (8.4) that

f(B) #0 for € R.
Step 2 (Definition of II7). Let R" = {8 € R|f(3) > 0}. By (8.5), we
have

(8.6) R =RN(RNZ ) U (U2, (mdé + R))).

Let II/ be a subset of R formed by the elements 3 € R/* satisfying the
condition that there exist no f,...,3, € Rf* with » > 2 such that 8 =
81+ -+ B,; namely,

(8.7) 7 = RIN\ (| D 8ilB: € RIY).

r=2 1i=1
By (8.6), we have
(8.8) I cIi’.
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Notice ZII" # ZR (by (8.2)). Then we have
(8.9) ZIIY =ZR, R=(RNZ, 1)U (RNZ_TI') and |TI/| > |IT'| + 1.

(As mentioned in Strategy, we show that II/ is a base of R.)

Step 3 (If B € I /I, then we have w(3) € O(w(R), w(II')) (see (2.1) for
O(m(R),n(I")))). Let B € II//II' (see also (8.8)-(8.9)). We show that 3 is
expressed as

(8.10) 8=ms -0

for some m € N and some 6 with

(8.11) 6 € ORI

(see (2.1) for O(R',IT')). By (8.6), since II/ € R"*, we have
(8.12) B =md + u

for some m € Nand p € R. Let § € O(R',II') N Wip.uu, where we recall
from Lemma 2.1 (2)-(3) that |O(R', II')NWy.u| = 1. Notice {p, —p, 0, —0} C
Wi (cf. Lemma 2.1 (2)). Then mé’—6 € R since md’' —60 € md’' +Wip.p =
Wir.(md'+p) = Wi C R. By Lemma 2.1 (3), we have 0 +pu =0 —(—pu) €
Z.,11'. Since md’ — 60 € R5* (cf. (8.6)), 8= (md —0)+ (0 + ) and B € 11/,
we have 0 + 1 = 0 and (8.10), as desired.

Step 4 (|TI7| =1+ 1). We show

(8.13) I/\I'| =1, ie., I/ =1+1

(see also (8.8)-(8.9)).
Assume [II/ \ II'| > 1. Let 3, B2 € II/ \ I" and assume 3, # (.. Assume
(B1, 81) < (B2, B2). Then, by (8.1) and (8.10)-(8.11), we see that

Y 1 7(61) # 7(52),
(B2, 51) = { 2 if 7(61) = 7(B2).

Assume (55, 31) = 1. Then, since £(3; — (2) = sp,(£01) € R (by (AX4)
and (1.3)), we have 3 — 3, € R/t or 3, — 81 € R'T. This contradicts
the fact 1, o € IIf since By = Bo + (B1 — f2) and By = Bi + (B2 — P1).
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Assume (35, 01) = 2, so n(#1) = 7(F2). By (8.10), there exist ny, ny € N
and 0 € O(R',II') (see (8.11)) such that

Bi=nid—0 (i€{l,2})

(so B2 — 1 = (ng — ny)d). Assume ny < ny. Notice that for ¢ € {1,2} and
r ez,

(8.14) R > (spsp) (8:) (by (AX4))
= (n;+2r(ng —mny))d —0
{ (ng+ (2r —1)(ng —nq1))d — 0 if i =1,
(ng 4+ 2r(ng —nqy))d — 6 if 1 = 2.

Hence
(8.15) (ng +1r(ng —ny))d —6 € R for all r € Z.

Let ng € Z, and t € N be such that 0 < ng < ny—ny and ny = t(ny—ny)+ng.
Assume ng = 0. By (8.15), {—6,(n2 — ny1)é — 0} C R. Hence, by (8.6)
(and (1.3)), {0, (na —n1)d — 0} C RS*. Notice t > 2 (since 0 < ny < ny
and n3 = 0). Since By = t((ng — ny)d — 0) + (t — 1)0, we have 3y ¢ I/,
contradiction. Assume ng > 0. Notice 2n3 < ny (since 2ng < (ng—nq)+ng <
t(ny — ny) + n3 = ng). Let B3 = n3zd — 0. By (8.15), B3 € R. By (8.6),
B3 € RIF. Notice 8y — 233 = sp,(32) € R (by (AX4)). Then by (8.6), we
have
By — 203 = (ng — 2n3)d + 6 € RFT.

Since 3y = (32 — 2033) + 2083, we have 3, ¢ II/, contradiction. Hence |I1/| =
[+ 1, as desired.

Step 5 (117 is a base satisfying (1-1)-(1-4)). Let ag be 3 = md' — 0 of
(8.10). Then I = II' U {ay}, where we notice (8.8) and (8.13). It is clear
that the elements of II/ are linearly independent (cf. (8.2)). Hence, by (8.9),
I17 is a base of R (cf. (1.6)). Since ZI'®Zd = ZII'@®Zay (by (8.2) and (8.9)),
we have m = 1. Hence (1-1) and (1-2) hold. By (8.11) and Lemma 2.2 (1),
we have (1-3). Since ((2a;)Y,q;) = 3(a, ), we can easily see that (1-4)
holds. This completes the proof of (1).

(2) This can be proved by case-by-case checking. (See also [11, Ap-
pendixes 1 and 2].)

(3) (Strategy. We use an induction on |(R N Z, Iy N Z_1Iy) \ 2R| (this
may be assumed to be finite). We also use the fact that for all a € IIj,
Sal(RNZ,T1) \ 2R) = {—a} U (RN Z,11) \ 2R) \ {a}).
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We may assume II; to be the base II' U {ag = ap(R,IT,0") = ¢ — 0} of
R given by (1). Define h € V* by h(8) =1 (8 € 1Iy). Then h(R) C Z \ {0}.
By the same formula as in (8.14), we have [{(sgsqa,) () € R|r € Z}| = o0
(notice that (spsa,) (@) € R (by (AX4)) since sy = s15 and § € RU 2R
(see (8.11) and (8.3))). Hence |R| = oo, which implies |h(R)| = co. Hence,
by (8.4), since |R'| < oo (R’ is an irreducible finite root system), we have
h(¢") # 0. We may assume

(8.16) h(8') > 0
(otherwise, we replace 11, with —II,). Let
m(Hl, Hg) = |(R N Z+H1 N Z_Hg) \ 2R|

Since ap = ¢’ — 0, we have RNZ, Il C R' +7Z.0" (cf. (8.4)). Hence, since
|R'| < o0, by (8.16), we have

m(ll, 1) = {8 € (RNZI1) \ 2R [ h(3) < 0}] < oo.

We use induction on m(Ily, IIy); if m(I1;,IIy) = 0, then, by (1.6), RN
7,11y = RN Z 1y, so I1; = Iy Assume m(IIy,1I3) > 0. Then there exists
a € II; such that o € Z_II, (notice that R C Z_1I, U Z,1Il,). By (1.6) (and
(1.3)), we see

B17)  sa((RNZyIL)\ 2R) = {—a} U((RNZ.Ih) \ 2R) \ {a}).
Then we have
m(Ily, so(I12))
= [(RNZILNZ_s4(Ily)) \ 2R|
= [sa((RNZILi NZ_54(1l5)) \ 2R)|
= |(sa(RNZ.IL) N Z_IL,) \ 2R
= m(Il, 1) — 1 (by (8.17) since s,(a) = —a ¢ Z_115).

Then, by the induction, we see that there exists w € Wy such that w(Ily) =

[T, as desired.
(4) This follows from (1) and (3). O

Proof of Lemma 2.4. (Strategy. We show (4) by induction on the
height with respect to II. (1) and (2) follow from (4). (3) follows from (1).)
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(4) Define h € V* by h(a) =1 (o € II). Let p € Z,.S\ Z6 (we may
assume this). We use induction on h(p); if h(u) = 1, then p € S. Assume
h(p) > 2. We may assume p ¢ UyesNa. Since (u, ) > 0 (cf. (2.2)), there
exists € S such that (a, ) > 0. Then we see that if s, (1) (= p—(a", p)a) ¢
ZS\ (Z+SUZ_S), then s,(p) € Z+S\ Zd and 0 < h(s(p)) < h(w). Thus,
by the induction, we can see that (4) hold.

(1) and (2) These follows from (2.13), (2.10) and the fact R C Z,IIUZ_II
(see (1.6)).

(3) For 8 and w of (2.11), we have sy = w's,@mw € Ws. Then (3)
follows from this fact and the definition of WxArs. O

Proof of Lemma 2.5. (Strategy. We use Theorem 2.1 (4) (4-4).)
(II) = (I) This follows from the fact that

8y, Syiin (Vi) = 85, (Vi +Yig1) = v (1 <0 <i—1).

(I) = (II) Notice that (a, ) = (3, 3) since w(«) = 3. Assume that 7;’s
of (II) do not exist. Then, by Theorem 2.1 (4) (4-4), seeing Section 9, we
see that A(II) is A (1 = 1), Cl(l) or Dl(i)l (see also (1.45)) and « and [
correspond to the two end dots of the Dynkin diagram defined for A(II) (or
(A(IT), 0)). Hence, letting IT" = IT\ {5}, we can see that W.ao = Wip.av + 226
and W.5 = Wp.a+ (2Z + 1)6, where § = 6(II) (see (2.2)). This contradicts

the fact that w(a) = . Hence (II) holds. This completes the proof. O

Proof of Lemma 4.2. (Strategy. Clearly (4) holds. Since Fy, are
locally ad-nilpotent, by (4.20) and the same formula as the first one of (4.6)
and by Theorem 2.1 (2), we see that there exists an affine root system R}
with the base P such that R, N 2P = 2P’. By Lemma 2.4 (1), we have
R = Rp, so (1)-(3) hold.

By (4.20), we have the triangular decomposition gp = n}, ®h®np, where
n% are the sub-Lie superalgebras generated by E., (1 € P) (see (8.18)). Us-
ing the triangular decomposition, we can see that for each y € P, dim(gp), =
1 and dim(gp)ay = 615 We have dim(gp)w) = dim(gp), for w € Wp
(see (8.24)). Then (5)-(8) follows from these facts and Lemma 2.4 (1)-(2).)

We proceed in steps.

Step 1 ((1)-(4) holds). Clearly (4) holds. Since E., are locally ad-
nilpotent, by (4.20) and the same formula as the first one of (4.6), we have
(u“,v) € 2Z_ for p € P and v € P. By Theorem 2.1 (2), there exists
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an affine root system R, with the base P such that R}, N 2P = 2P'. By
Lemma 2.4 (1), we have R, = Wp.(PU2P'), so R, = Rp by (4.21). Hence
(1)-(3) hold.

Step 2 ((8) and gp = n5®hDny hold). Let n}, (resp. np) be the sub-Lie
superalgebra generated by E, (resp. E_,) with all u € P. By (4.20) and
Lemma 4.1, we have

(8.18) gp=nL®hDng.

Hence, since 6(P) € NII(C ZII), we see that

(8.19) ar = hEP( P (0r)) B P (8p)msir))

ANE(Z4 PUZ_P)\ZS(P) meZ\{0}

and that (8) holds. In the same way as that for (4.8), using Lemma 4.1, we
have

(8.20) Eiy #0 (e P), (B By] #0 (v e P).
By (8.18) and (8.20), we have
(8.21)
(gp), = CE, and dim(gp), =1 if pe P,
dim(gp)a, =0 if e P\ P,
(9p)2u = C[Ey, E] and dim(gp)y, =1 if p e P,
dim(gp)s, =0 if pe P,z e Rop )\ {1,2}.

where R.g = {y € R|y > 0}.

Step 3 ((5) and (6) hold). Let u € P. Since Ey, are locally ad-nilpotent,
we can define i, € Aut(g) in the same way as in (4.9) with E, (in place of
E.,). It is clear that n,(gp) = gp. As in (4.10), we see that for o € &,

(8.22) 1, ((8P)0) = (8P)5(0)s

which implies
(8.23) dim(gp)s, (o) = dim(gp)o.

By (8.23), for w € Wp and o € £, we have
(8.24) dim(gp)w(e) = dim(gp),-
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Then (5) and (6) follows from (1)-(3), Lemma 2.4 (1)-(2), (8.19), (8.21) and
(8.24).

Step 4 ((7) holds). Let X € Rp N Rp. By (4.21), w(\) € P U2P' for
some w € Wp. Since 2w(\) € Rp, we have w(\) ¢ P\ P’ by (3) and we
have w(\) ¢ 2P by (1.3). Hence w(\) € P’, s0o RpN$Rp C Wp.P'. On the
other hand, Wp.P' C Rp N i Rp is clear from (4.21). Hence, by (4.21), we
have Rp \ $Rp C Wp.((P\ P') U2P"). Notice that n,(g(i)) = g(i) (u € P).

Then (7) follows from (8.21) and (8.22). This completes the proof. O
Proof of Lemma 4.7. (Strategy. We use the Jacobi identity and induc-
tion on r.)
We use induction on r. The case of r = 1 is trivial. The case of r = 2 is
also trivial since [ay, as] = [az, a1].

We assume r > 3. Then we have the following:

(aday) - - - (ada,_1)(a;)
C (adag)(aday)(adas) - - - (ada,_1)(a,) + (ad[ay, as])(adag) - - - (ada,—1)(a,)
(by the Jacobi identity (cf. Subsection 1.5))
C () (aday)(adarnyys) - - (adar(—a)12)(a1))

TEST—Q

+( Y (adarqys) - (adar(a) ) (a2, a]))

TESr_2

(by induction and [a1, as] = [as, a1])
C Y (adagyi) - (addgponyg) (o).

O.ES’I’—l
This completes the proof. O

Remark 8.1. (On (SR4) in the proofs of Lemmas 5.5-5.9 (Detail of (5.2)))
Let 1; — IL be the homomorphisms of Lemmas 5.5-5.9. In the proof of
Lemmas 5.5-5.9, to check the equations

(8.25) [Vi(Ear), hi(E—ar)] = Yi(hanyv) (o €1I),

we can use the following argument, where o = c(a)a + k(a)a (see (3.24)
and (1.21)). Assume that we have checked that ¢;(h,) (0 € £) and ¢;(E,)
(u € B) satisfy (SR1-3) and (SR4) except for (8.25). We also assume that
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for all a € 11, we have checked that

1
(826) [wi(Ea*)a 77Z)i(E—o¢*)] = @7702'(}%1\/) + ma,@/}i(ha)
. xac(a)2(a,oz) . o 2k ()
for some z, € C. Let y, = k@) Since h(a*)v = ﬁhav +Wd}i(ha),

we need to show y, = 1. By the same way as that for (6.11), we can have
a super-symmetric invariant form (, )” on L such that (¢;(h,), ¥i(ha))” =
(Uilha), Gi(ha))’ = 0 (@ € T1) and (6i(ha, ), s(ha))" = 1 (we can easily
see this; we do not need an argument similar to that in Step 2 of Proof of
Lemma 6.1). Let a, 8 € II be such that o # ( and («, ) # 0. Then we have

i = AT (). [ (B B-)])” (b (526)
= LD (), 1 B B
= A ), (B
= S () B B
_ %WM[wan*),wi(E_m)D”
= GG i) k) (by (5.20)
= O ). )"

= yg (by symmetry).

Thus, once we check (8.25) (or y, = 1) for some «, we see that (8.25) hold
for all a.

Proof of Lemma 7.1. (Strategy. By (i), in a standard way (see [8, Proof
of Theorem 2.2]), we conclude that for 1 < m < r, there exist X4, € a4,
such that [X,,, X_,,] = H. Then we can easily prove the lemma.)

We may assume

(8.27) (H,H) =2.

We proceed in steps.
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Step 1 (The elements Xi,, in Strategy exist). By (iii), for each —r <
m < r, there exists p,, € {0,1} such that a,, C a(p,,). For —r < m < r, let
X € an \ {0} (ie., CX,,, = a,, (see (iii))); we assume Xy = H. In the same
way as that for (6.8), we can see that if ¢ +j # 0, (a;,a;) = {0}. Hence,
since (, ) is non-degenerate (see (i)), we may assume that for 1 < m < r,
(X, X_m) = +, which implies (H, H — [X,,, X_]) = 0 (see (8.27)). Hence,
since dimag = 1 (see (iii)), we have

(8.28) (X X_m]=H (1<m<r).
Step 2 (p+, = 0). By (8.28), we have
(8.29) Pm=D-m (1<m<r).

By (8.28) and (8.29), we have

(8.30) ([ Xy Xon]s [ X ms X)) = —0p,1 - % (1<m<r).
By (8.30) and (ii)-(iii), we see that for 1 <m <,
(8.31) pm=1=m=1,r=2and asy = C[ X4y, X4q].
By (8.31) and (8.29), we have
(8.32) pr=pr=0
(notice r € {1,2}).
Step 3 (if r = 2, then p; = 1). We show that
(8.33) r=2=—p =1
Assume r = 2. By (ii) and (8.28), we have
(8.34) (X1, [X_1, Xo]] = [H, X3] = 4X5 # 0.

By (iii) and (8.34), there exists € C\ {0} such that X; = z[X_;, Xy],
Hence, by (8.34), we see [X;, Xi] # 0, whence p; = 1. Then we have (8.33),
as desired.

Step 4 (The lemma holds). Set E = X; and F = X_;. Then, by (8.28),
(8.29), (8.31), (8.32) and (8.33), we see that the lemma holds. O
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9 Dynkin diagrams of the affine root systems

Here we give the Dynkin diagrams defined for (A, 7) of Theorem 2.1 (2). We
describe them in the same manner as in [10, Table 1-4]; notice that if i ¢ 7
(resp. @ € T), then the i-th dot is white (resp. black). The names of them
are also the same as in [10, Table 1-4]. As for (1.45), the Dynkin diagram
associated with A(II) is the one defined for (A(II), 0).

(i) The case of [ = 1:
m AL e A S
A7 O=0 Ay O&0

aq (7] aq Qo aq (%]

BY(0,1) @¢=0 092 e«—@ AYW(0,2) @0

(ii) The case of | = 2:

Qp
) (051 (6] B (6% a1 (051 (6] (7))
Ay <&) Cs O:>O<:O Gy O=0—o0
(o7 N W) ap Qg

AP ©<:©<:© DY o<:<>:>© DY o—oE&=0

(8% (7)) (8% a7 Q)

BM(0,2) o<:Q<=Q A®(0,3) O—@+<=0

aq (0%)] (7)) (05} (6] (%))

CA3) @e=0—0 AY(0,4) @=0=0

(iii) The case of | > 3:

D) O=0—0— - —0=0

(%) a3 (87 Qg
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o
—

- —O
Oo—O— -

CO+1) @=

&%)
67

as

&%)

631

O
—
O—O—

AD(0,2]) @«

Qp
67/

ag

Qo

651

O—O— -+ —0=0
Ay O

&%)
87

Qs

%)

—0=0
O—O0—
BW(0,]) @<=

(67 (7))
a3
(e%)
(03] |
a1
C%
<
1) .
I —
(0,2
A
a1 o )
B(l) O<:CF (o7 )
l
aq
a1

C’l(l) O=—=0—"~_0O—

&%)
67]
as
6%)]
631
: — j—@
o— -
Qg ) O >
A211
O—O
/ a5
M) O a4
E(l) O \052 O
6 o




FY 0—0—0—=0—0 EY O0—0—0=0—20

(&%) Qg a3 (%) aq (&%) (651 (%) a3 Oy

Remark 9.1. (1) K. Saito [13] introduced a notion of elliptic root bases of
the reduced-marked elliptic root systems. K. Saito and D. Yoshii [15] gave
defining relations of the simply-laced elliptic Lie algebras in terms of the
elliptic root bases. The author [18] gave defining relations of g(II, k, g) with
(I, k, g) € T;™ in terms of the elliptic root base. We can extend the notion
to that for R(IL, k, g) with (II, k, g) € 7™ and we can give defining relations
written in terms of that notion. The result will appear elsewhere.

(2) Let (I, k,g) € T, with I > 2. Let ¢ = [g(IL, k, 9), 9(I, k, g)] and let
3 be the center of g’. Using our defining relations, we can show that the
canonical map from g’ to g'/3 is a universal central extension map. Using
the map, we can discuss how our algebras relate with the extended affine Lie
algebras in [1] and the (2-variable) toroidal Lie algebras in [12]. The result
will appear elsewhere.
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